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Fundamentals

ground state energy 
[London & Eisenshitz 1930]  
 

free energy from dispersion relation 
[Davies 1972; Ford, Lewis & O'Connell 1985; Obcemea 1987]  
 

force on dipole 

stress tensor 

�F (T ) = T

Z
d!

@ arg[G(!)]

@!
log sinh

1
2�! , G(z) = 0,1



is Lifshitz Theory perturbative?
[Davies, Phys Lett A 1974] 

long-range vs short-range interaction 
[Barash & Ginzburg, Sov Phys Usp 1975] 

“Rytov split” [CH & al, J Opt A 2002]

response functions & resummation

– radiation reaction & vac fluctuations 
[Dalibard & Cohen-Tannoudji 1982] 

– "Heisenberg method"  
[Casimir & Polder 1948]



perturbations & response functions

[Casimir & Polder 1948] 
[Barnett, Aspect & Milonni, J Phys B 2000]



set the Stage: 2nd order

force 

state expansion 

identify responses [Wylie & Sipe 1984]  
 
 
 
 

FD relation

moving atom (v)

polarizability incl Doppler shift

... dispersion forces from class electrodynamics

F = 2~
1Z

0

d!

2⇡
Im [“↵(!,v)r1Gii(r, r,!)”]



it all began in 
Hong Kong ...

A22 bus stops



“composite interface”

• surface current dynamics 
 
 
nonlocal medium, 
rough (dirty) surface 

• boundary condition 

• magnetic response 

J

j

[Horovitz & H, EPL 2012] 
[Eizner & al, Eur Phys J D 2012]



“Cherenkov friction” (2nd order)

resonance if  
 
"anomalous Doppler shift" [Tamm, Ginzburg]  
 
 
 
 

moving atom (v)

free space: never
medium:  
Cherenkov threshold

near metal surface:

[Pieplow & H, J Phys CM 2015] 
[Intravaia & al, arXiv:1603.05165]



2nd order: small parameters

dipole moment deg, static polarizability 𝜶0 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FIG. 5. Velocity dependence of the normalized averaged
second-order frictional force for a particle without intrinsic
dissipation (e.g. an atom) moving above a metallic surface.
The normalization is F0 = �3~!5

sp↵0/(2⇡✏0c
4). The metal is

described by the Drude model and results for various dissipa-
tion parameters are depicted: � = 0 (black dashed, Eq. (35)),
�/!sp = 10�3 (dark yellow), and �/!sp = 10�1 (purple). Fur-
ther parameters are !

a

/!sp = 0.2 and z
a

!sp/c = 0.05, corre-
sponding to the near-field regime, and v

x

/c = 0.04. The inset
depicts the dependence of quantum friction for � = 0, Eq.
(35), on the orientation of the vector of the dipole moment:
The value ✓ = 0 corresponds to a dipole oriented normal to
the surface; if tilted, the force has is largest value is found for
a dipole parallel to the plane defined by the motion and the
normal to the surface (� = 0).
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In Fig. 5 we display the velocity dependence of the
second-order quantum frictional force for a substrate
with vanishingly small dissipation, Eq.(35). It is not
exponentially suppressed only for velocities vx > za!a,
which follows from the constraint on the wave vec-
tor discussed above. A maximum occurs for vx ⇡
(4/7)(!a+!

sp

)za, i.e., roughly when the Doppler-shifted
surface-plasmon resonance frequency is brought into res-
onance with the atomic transition (the reflection coe�-
cient r(vx/za�!a) becomes large) [72]. This means that,
at second order, quantum friction is essentially the result
of a resonant process: The velocity must be su�ciently
large (within the non-relativistic approach used here) so
that the Doppler e↵ect becomes anomalous, and the cor-
responding shifted frequencies are su�ciently large in or-
der to include the (sharp) atomic transition and excite
a plasmon. The photon (plasmon) in the near field is
then scattered out of its ground state, while the atom is
temporarily excited. The first photon is then followed by
a second one resulting from the atomic decay, and both
are finally absorbed by the surface [15].

When dissipation in the substrate is taken into ac-
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FIG. 6. Velocity dependence of the normalized av-
eraged second-order quantum frictional force for a parti-
cle with intrinsic dissipation. The normalization is F0 =
�3~!5

sp↵0/(2⇡✏0c
4). The particle has an internal resonance

frequency !
a

/!sp = 0.2 and moves at a distance z
a

!sp/c =
0.05 above the surface, corresponding to the near-field regime.
Results for two di↵erent values of the intrinsic dissipation are
displayed: �/!sp = 10�1 (dark yellow) and �/!sp = 10�3

(red). In both cases, the damping � is set to �/!sp = 10�1.
The purple curve shows the case for � = 0 and �/!sp = 10�1.
The black dotted curve represents the expression in Eq.(38).
The thick gray dashed curve is Eq.(35).

count (� 6= 0), the second-order quantum frictional force
essentially exhibits resonant behavior at high velocities
(vx > za!a), as discussed above (see Fig. 5). At low
velocities it still decays exponentially, but acquires a dif-
ferent asymptotic behavior due to the modification of the
electromagnetic density of states, and is described by
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(38)
and is clearly visible in Fig. 6 (black dotted curve).

Within the second-order perturbative approach, we
can study the e↵ect of dissipation associated with the
particle’s internal dynamics by considering the case of a
system with intrinsic damping. Interestingly, the force
on a moving object having intrinsic dissipation (e.g., a
metallic nanoparticle) is qualitatively di↵erent from that
on the moving atom. For this kind of system the bare
polarizability is ↵(0)(!) = (2dd/~!a)!2

a/(!
2

a�!2� i�!).
For the case of a metallic nanoparticle, !a = !np

p /
p
3

is the resonance frequency of the localized surface plas-
mon, and !np

p and � are, respectively, the plasma fre-
quency and the dissipation rate for the bulk metal that
comprises the particle. As demonstrated in Fig. 6, when
both sub-systems have finite dissipation, at low velocity a
further asymptotic appears in the force given in Eq.(28),

slow motion 
exponentially small 
friction force 

[Barton, NJP 2010]  
[Intravaia & al, 
arXiv:1603.05165]



strong Damping: Fullerenes

[Buhmann & al, PRA 2012] 
[Intravaia & al, 
arXiv:1603.05165]
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FIG. 2. Non-Markovian correction to the Casimir-Polder
force as a function of the atom-surface separation. The three
curves correspond to di↵erent values of the atom-field cou-
pling: The lower (purple) curve refers to 87Rb (static po-
larizability ↵0 = 2 |d|2 /3~!

a

= 5.26 ⇥ 10�39Fm2 [45]); the
middle (red) curve corresponds to a hypothetical two-level
system with free decay rate, �free

a

/!
a

= 10�6, where !
a

is the
transition frequency of 87Rb; the upper (green) curve is the
result for �free

a

/!
a

= 1/3, typical of fullerene (C60, see Ref.
[44]). For simplicity, all three cases have the same value for
the transition frequency. The oscillations visible at large sep-
arations are associated with the oscillations of the decay rates
for distances z

a

�
a

& 1. The planar surface is modeled as a
metallic half-space whose constituent material is described by
the Drude model ✏(!) = 1�!2

p

[!(!+i�)]�1 with parameters
that are typical for gold: !

p

= 9 eV and �/!
p

= 5 ⇥ 10�3.
The distance is measured in units of the plasma wavelength
�
p

= 2⇡c/!
p

(⇠ 140 nm).

C. Relation between the FDT and the QRT

The result of the previous two sub-sections demon-
strate that the use of two of the most popular approaches
for calculating quantum correlators leads to di↵erent re-
sults for the Casimir-Polder force beyond leading order.
It is important to emphasize that while the FDT is an
exact theorem, the QRT represents only an approxima-
tion. It has already been pointed out that, because of
the Born-Markov approximation, the QRT may lead to
results that are incompatible with the statistical mechan-
ics of quantum systems when treated beyond the weak-
coupling approximation or perturbed far away from res-
onance [35, 36]. The quantum-regression theorem has
proven to be remarkably successful for driven quantum
optical systems, where its range of validity, near reso-
nance, is not an impediment [37–39]. However, because
of the broadband nature of electromagnetic fluctuation-
induced interactions, this limited range of validity makes
the QRT in general inadequate to treat such interactions.
An inappropriate description of any part of the spectrum
can lead to erroneous results.

Recently, in an attempt to quantify the dynamical
properties of an open quantum system, the failure of
the QRT has been proposed as a measure of the sys-
tem’s degree of non-Markovianity [46, 47]. In fact, the
exponential behavior in the correlator obtained by ap-

plying the QRT is a direct consequence of the Markov
approximation. It is well known, however, that this be-
havior is incorrect at large times, where the exponential
decay of the correlations transforms to power-law decay
[48, 49]. This di↵erence has been investigated in other
contexts of quantum optics, e.g., the dynamics of the
quantum harmonic oscillator [36] or the spontaneous de-
cay of an excited atom in the electromagnetic vacuum
[48, 50–52]. This phenomenon is related to the limita-
tions of the Wigner-Weisskopf approximation [53, 54],
which, in turn, is equivalent to the Markov approxima-
tion [48, 49]. A similar argument applies to high frequen-
cies, since it is also known that for short times the de-
cay process starts quadratically in ⌧ instead of the linear
behavior associated with an exponential law [55]. Con-
sequently, when one goes from the time to the frequency
domain, the Fourier transform of the correlator obtained
using the QRT becomes imprecise at low and high fre-
quencies [36].
To further understand how non-Markovian e↵ects are

responsible for the di↵erence between the two expressions
for the Casimir-Polder force, it is convenient to examine
with some detail the two-time correlator C(⌧) in the limit
of large times. According to Eq. (4) and the FDT, the
relevant part of this quantity for F

CP

is given by
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~
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where, for simplicity, we have suppressed the depen-
dence of the polarizability on ra. The second line is ob-
tained by computing the ! integral using a contour in
the lower right quadrant of the complex frequency plane.
Here, “Res” denotes the residue, and ⌦i = ⌦i(ra) are
the complex poles of the polarizability. As these poles
are located in the lower right quadrant, we can write
⌦i = !i(ra) � i�i(ra), where !i(ra) and �i(ra) are two
non-specified real and positive functions whose exact ex-
pression depends on the specific model for the atom (e.g.
for the two-level atom they are given in Eq. (12)). At this
point, we would like to note that, for simplicity, we have
assumed that the polarizability has no other discontinu-
ity but isolated poles in the complex plane. If this were
not the case, e.g., when branch cuts would be present,
they must be added to Eq.(16). For the present case of
simple poles, we see that the stationary dipole correla-
tion, as given by the FDT, contains a decaying exponen-
tial behavior just like the QRT (first term in Eq.(16)),
plus an extra term which is ultimately responsible for
the di↵erence between Eqs. (10) and (14). Upon an an-
alytical continuation, one has

[↵s

I(!)]|!=�i⇠+0

+ = �↵s(i⇠)� ↵s(�i⇠)

2i
. (17)

CP force F(z): compare two dipole spectra 
– Q Regression formula + RWA 
– FD relation



CP Force at Composite Surface 

result: crossover from 
dielectric (short z) to 
conducting medium 
(large z)  
 
 
 

w/ Elad Eizner & Baruch 
Horovitz (BGU Beer 
Sheva)

Eur. Phys. J. D (2012) 66: 321 Page 7 of 11
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Fig. 3. (Color online) Atom-surface potential through the
Casimir-Polder range up to the thermal wavelength. We plot
the c3 coefficient of the free energy, i.e. F(z)z3, but here in
units of α(0)kBT . The distance is normalized to the screen-
ing length a0 ≈ 73 nm. Solid thick curve: local dielectric func-
tion in Drude form; dashed curve: charge layer (CL) model;
dotted curve: hydrodynamic (continuous charge, CC) model;
solid thin curve: non-conducting local dielectric. Parameters:
background dielectric constant ϵ∞ = 1.5, DC conductivity
σ = 1010 s−1 (comparable to Ge), electron scattering time τ =
τs = 10−13 s, diffusion constants D = Ds = 4.5 cm2/s, atomic
resonance Ω/2π = 477 THz (wavelength 2πλA = 628 nm),
Temperature T = 300 K (thermal wavelength λT = 7.6 µm).

In Figure 3, we show the free energy of interaction F(z)
calculated from the Matsubara sum (9). At distances be-
yond the thermal wavelength λT , the free energy follows
a 1/z3 power law with a c3 coefficient proportional to T
that we discuss in the following section. The difference
between dielectric and Drude conductor arises, for these
parameters, from the zeroth term in the Matsubara sum.
This term is discussed in more detail in Section 5. In-
deed, in the other terms, the conductivity enters only
in the ratio 4πσ/ξl = 2!σ/(lkBT ). At room tempera-
ture, this ratio can be neglected compared to the back-
ground dielectric constant ϵ∞ provided the conductiv-
ity σ ≪ 4× 1013 s−1. This regime applies to a wide range
of doped semi-conductors.

The van der Waals regime for this material is not
described by equation (20) due to the low conductiv-
ity. Ignoring conductivity completely, equation (19) for
a local dielectric gives a short-range coefficient c3 with a
value −1.91 α(0)kBT in the units of Figure 3: this corre-
sponds well to the full calculation. We have checked that
the small difference is actually due to relatively large devi-
ations from the non-retarded approximation that was ap-
plied to derive equation (19). A similar situation occurred
in reference [39] which discusses the Casimir force between
two plates separated by a dielectric liquid.

5 Lifshitz (thermal) regime

This section deals with the long distance regime λT ≪ z
where the leading contribution to the atom-surface po-
tential is given by the l = 0 term in the Matsubara
sum (9). The other terms are proportional to the exponen-
tially small factor exp(−4πlz/λT ) and can be neglected if

the l = 0 term is nonzero. A glance at Figure 3 illus-
trates that the thermal regime is already well borne out
at z ∼ λT due to the factor 4π in the exponential.

The static term in the Matsubara sum has been the
subject of much discussion in the field of dispersion in-
teractions [40,41]. To illustrate this, we give the limiting
forms of the free energy in the thermal range for an ideal
dielectric material

λT ≪ z : F(z) ≈ −α(0)kBT

4z3

ϵ∞ − 1
ϵ∞ + 1

, (30)

while for a conductor in the same limit

F(z) ≈ −α(0)kBT

4z3
. (31)

In fact, the latter result is obtained for any material with
a nonzero conductivity: as σ → 0, the former (dielec-
tric) result is not obtained in a continuous manner [4].
This is due to the static reflection coefficient rTM(0, k)
which is equal to 1 for any nonzero σ, while setting σ = 0
from the start for a pure dielectric, one gets rTM(0, k) =
(ϵ∞ − 1)/(ϵ∞ + 1). This difference between conductor
and dielectric is also visible in the Casimir-Polder range
shown in Figure 3. The discontinuity disappears only in
the limit T = 0 for the material parameters considered
here.

This effect is actually an artefact of the description in
terms of a local material response (conductivity, dielectric
function). Using a hydrodynamic model similar to our CC,
Pitaevskii has shown that the free energy shows a contin-
uous cross-over between the limiting cases equations (30)
and (31). We show now that the same is true for both CC
and CL models considered here.

For the CC model, the first line of equation (9) can be
written in terms of a dimensionless integral (t = 2kz)

λT ≪ z :

F(z) ≈ −α(0)kBT

8z3

∞!

0

dt t2e−t ϵ∞
"

t2 + (2z/a0)2 − t

ϵ∞
"

t2 + (2z/a0)2 + t
,

(32)

with the screening length a0 of equation (1). We recover
Pitaevskii’s result [5] by calculating a0 from the diffu-
sion coefficient D ≈ kBT τ/m∗ of a non-degenerate elec-
tron gas. This leads to a−2

0 = 4πnℓB where n is the car-
rier density in the conductor and ℓB the Bjerrum length
(i.e., the distance where the Coulomb energy between
two electrons becomes comparable to the thermal en-
ergy: e2/(ϵ∞ℓB) = kBT ). A glance at equation (32) tells
that the dielectric and metallic values of the reflection
coefficient are smoothly interpolated as the ratio (z/a0)2
changes from zero to infinity. This is illustrated in Figure 4
(dotted line) where the coefficient of the 1/z3 power law
is plotted vs z/a0.



next order (4th)

non-perturbative force vs. Lifshitz 

physical content  
– radiative corrections to polarizability 
– resonant two-photon Cherenkov emission  
– spontaneous excitation

Pieplow & H [J Phys CM 2015] 
Intravaia & al [J Phys CM 2015]  
[arXiv:1603.05165] [arXiv:1604.06405]



next order (4th)

for polarizability = resummation 
 
 

radiative damping (free space)

dipole spectrum

[Intravaia & al, 
arXiv:1603.05165]

hd(t)d(t0)i! ⇠ Im↵(!)

6

This expression yields the terms that are missing in
Eq.(14) in order to recover Eq.(10) (see Appendix C).
While the exponential terms exp(�i⌦i⌧) in Eq.(16) are
sensitive to the details of the polarizability for frequen-
cies around the poles ⌦i, the last integral in Eq.(16) when
⌧ ! 1 is sensitive to the behavior of the polarizability at
low frequencies, |!| ⇠ 0. From the crossing relation, we
can deduce that ↵s

I(!) is odd in frequency, which means
that its form is ↵s

I(!) ⇡ a
2m+1

!2m+1 (m = 0, 1, 2, . . . ).
As a result, for times ⌧ for which the exponentially de-
caying terms have died out, i.e., when ⌧ � 1/min(�i),
the stationary correlation behaves as

Cs(⌧) ⇡ ~
⇡
a
2m+1

(�1)m+1

(2m+ 1)!

⌧2(m+1)

. (18)

The above discussion shows that for large ⌧ the equilib-
rium correlation function predicted by the FDT exhibits
a power-law decay instead of an exponential behavior (as
would result from the QRT (see Eq.(12)). The power
spectrum obtained from the QRT dipole correlation in
Eq. (12),

S
QRT

(!) =
dd

⇡!̃a

�a!̃a

(!̃a � !)2 + �2

a

, (19)

is incorrect at low frequencies: It does not vanish for
!  0 unlike the FDT power spectrum (Eqs. (8) and
(15)). In Fig. 3 we compare S

QRT

(!) with the cor-
responding FDT power spectrum S(!). We see that the
largest di↵erence occurs in the region ! ⇠ 0, while around
the resonance value the two expressions overlap. Notice
that the impact of this inaccurate description and the
resulting discrepancies only appear for evaluations at or-
ders higher than the second, i.e. when radiative damping
induced by the interaction with electromagnetic field is
nonzero.

In the next section, we will discuss the quantum fric-
tional force experienced by an atom flying parallel to the
surface. Since the evaluation of quantum friction requires
a calculation at least to the fourth order in the atom-
field coupling, the above discussion about the FDT vs
the QRT will play a relevant role in determining the cor-
rect expression for this force.

III. NON-MARKOVIAN EFFECTS IN
QUANTUM FRICTION

In the previous section we have shown how non-
Markovianity impacts the value of the static atom-surface
interaction. The relevance of the correction with respect
to the Markovian case quantitatively depends on the level
of accuracy used in describing the atom’s internal dy-
namics, and it appears only when orders higher than the
leading one are considered. In this section we move a step
forward and generalize our analysis to an atom moving
with constant velocity v parallel to a planar surface. Our
goal is to evaluate the impact of non-Markovian e↵ects

-0.5 0.0 0.5 1.0 1.5
0.00

0.05

0.10

0.15

0.20

wêwé a

sHw
L

-0.10 -0.05 0.00 0.05 0.10

ga w
é
a

ga
2+wé a

2

FDT
QRT

FIG. 3. Comparison of the normalized power spectra s(!) =
S ·(dd/⇡!̃

a

)�1 predicted by the FDT (blue line) and the QRT
(red line) for the polarizability of Eq. (15) (dissipation is set
to �

a

/!̃
a

= 10�2). While the two results are indistinguishable
on resonance, they di↵er at low and negative frequencies. This
is clearly visible in the inset, which provides a close up around
! = 0. While the power spectrum given by the FDT vanishes
for !  0, that obtained from the QRT is nonzero.

on the vacuum-mediated frictional force experienced by
the atom during its motion parallel to the surface. For
simplicity we will consider the case T = 0, i.e. quantum
friction.

A. Derivation of the quantum frictional force

In a semiclassical approximation, the trajectory for the
center of mass of the atom will be prescribed as ra(t),
and its internal degrees of freedom will be modeled as an
electric dipole. For simplicity, we neglect any magnetic
contribution, which is a good approximation as long as
the electric dipole is very near to the surface (near field
region) [56]. Assuming that the surface lies in the plane
z = 0 and that the motion takes place at a constant
distance za from the surface (see Fig. 4), the equation of
motion for the atom’s center of mass is mr̈a(t) = F

ext

+
F

fric

(t), where

F

fric

(t) = hd̂i(t)rkÊi(ra(t), t)i. (20)

Here, rk ⌘ (@x, @y) is the gradient parallel to the sur-
face. We assume the existence of an external classi-
cal force F

ext

on the atom that enforces a prescribed
trajectory ra(t) = (Ra(t), za). For times t < ti, the
atom is static at ra = (Ra, za) and then undergoes an
acceleration for some interval of time. Eventually, it
reaches a non-equilibrium steady state (NESS) given by
ra(t) = (Ra + vt, za) (for a discussion of the influence
of the boost on a perturbative calculation of quantum
friction, we refer to [13, 15, 57]).

Once again, the total field exhibits a component Ê

0

that is only related to the dissipative medium. In the
dynamical case, however, a separation into positive and

γ = 0

↵(!) =
2d2eg!eg/~

!2
eg � (! + i0)2

7!
2d2eg!eg/~

!̃2
eg � i�e! � !2



non-perturbative vs Lifshitz

>2nd-order expressions for Casimir-Polder force

F = 2~
1Z

0

d!

2⇡
Im [↵(!, r)r2Gii(r, r,!)]

F = 2~
1Z

0

d!

2⇡
Im tr


↵(0)(!)r2G

r(r, r,!)

1� ↵(0)(!) · Gr(r, r,!)

�

exact polarizability, LTE

Buhmann & al [PRA 2004]; Intravaia & al [arXiv:1603] 

Lifshitz theory [Lambrecht & al, New J Phys 2006]

re-summed 𝛼(𝜔)
variants: 
– RWA polarizability [Scheel & Buhmann, PRA 2009] 
– non-LTE calculation [Intravaia & al, arXiv:1604.06405]



4th-order Diagrammatics

context: friction force

[Barton Rep Prog Phys 1979; New J Phys 2010; J Phys CM 2011]  
Intravaia & al [J Phys CM 2015]

F ~ v F ~ v

T 0 ←



4-th order Diagrammatics

field theory for 2-level atom + surface plasmons 
[Barton >1979]

0- and 1-excitation sector

bare vertex

negative frequencies 
in co-moving frame



Atom+Field State

2nd order

two-photon emission

radiative correction

| (t)i = T exp

n

1

i~

t
Z

0

dt0 V (t0)
o

|g, vaci

1st order

spontaneous excitation 
(anomalous Doppler shift)



Atom+Field State

2nd order

two-photon emission

radiative correction

3rd order

vertex dressing

insertionresonance
!1 + !2 � (k1 � k2) · v = 0



Force Diagrams

“force vertex”
o

h (t)|
o

| (t)i

"resonant"  
force F(2) = recoil ℏkx   

x excitation rate γg

Intravaia & al [J Phys CM 2015]

off-diagonal elements 
Schwinger contour

A kaleidoscope revolving around quantum friction for atoms near a surface 10

This is compared in Fig.3 (dashed gray line) to a numerical integration. The excitation
to the y state (dipole moment) is smaller by a factor O(u). For the plot, we arbitrarily
set the ratio ⌦ ImR0

(0)/ ImR(⌦) = 1. This number actually depends on the position
of the atomic resonance relative to the surface plasmon.

0 0.1 0.2 0.3 0.4 0.5 0.6

1.!10"6

0.0001

0.01

1

v ! # z

Γg !Γe

x z

y

Figure 3. Excitation rate from the ground state g ! e for a moving atom (logarithmic
scale). The three excited states (marked x, y, z) correspond to different rates, the
velocity is along the x-axis. The rates are normalized to the decay rate �e ⌘ �z of
the excited state |zi [Eq.(24)], and we assumed a ratio ⌦ ImR

0(0)/ ImR(⌦) = 1. This
is appropriate when the atomic resonance is much below the plasmon resonance,
⌦ ⌧ !S .

The main message of this analysis is the huge difference of time scales for realistic
parameters. As a typical example, we quote lithium atoms with a kinetic energy
of 10 keV and a strong dipole transition at 671 nm: at a 10 nm distance, we have
v/(⌦z) ⇡ 0.02 and the excitation rate �

g

is more than 20 orders of magnitude smaller
than �

e

for the excited state. This has prompted Barton (2010) to neglect completely
the spontaneous excitation process, and any other processes as well whose rates scale
in a similar way with 1/u in the exponential. It is quite easy to track this kind of
contributions because they involve a gap in the resonance condition: the Doppler
shift k · v must exceed some finite threshold frequency (here, the atomic resonance
⌦). A power-law scaling with velocity requires that the initial state is embedded
in a gapless spectrum of final states. Coming back to the level scheme of Fig.2, we
anticipate that this happens for the creation of photon pairs where the excited state
only enters as an intermediate state (or ‘virtually’).

1.4.2. Lamb shift of ground state. The virtual photons just mentioned have a physical
effect already for an atom at rest (no Doppler shift): they shift the energy of the

> 1 km/s



Force Diagrams

2nd order

4th order (a few)

2-photon emission

spontaneous excitation

similarly:  
emitted Photon Number 
Atom Excitation 
Steady State 



it all began in Hong Kong China



Summary

response functions and spectra  
(FD consistent or not)

↵g(t� t0) =
i

~ hg|
⇥
d(t), d(t0)

⇤
|gi, t � t0

“intrinsic damping”, resummation = Lifshitz  
radiative damping = potential conflicts in 4th order

resonant two-photon emission  
= unstable ground state  
[Klein, Fulling-Unruh-DeWitt, Hawking]  
non-LTE approach required

�FCP ⇠ O(�e/!eg)

friction from low frequencies

hd(t)d(t0)i! =

Z
d(t� t0) ei!(t�t0)hg|d(t)d(t0)|gi


