
Chapter 3

Relativistic Wave Mechanics

Goal: construct wave equation that is compatible with special relativity, i.e.,
Lorentz transformations between inertial systems.

‘Compatible’ or ‘covariant’: equations have the same form for all observers,
in all inertial systems.

Related to symmetry: rotations, Lorentz transformations as ‘symme-
try group’ that leaves certain quantities unchanged. Length of a vector,
Minkowski distance. Technically: representations of these symmetry groups.

3.1 Relativistic classical mechanics
Relativistic mechanics: the relevant equations of motion for a charged point
particle can be derived from the following action

S = −mc2

∫
dτ − e

∫
dxµAµ(x)

= −mc2

∫
dt

√
1− ẋ2/c2 − e

∫
dt (φ(x)− ẋ ·A(x)) (3.1)

with proper time (Eigenzeit) dτ = dt/γ and vector potential Aµ = (φ/c,−A),
evaluated at the world point x with coordinates xµ = (ct,x).

Discussion: 4-momentum

p =
∂L

∂ẋ
=

mẋ√
1− ẋ2/c2

+ eA (3.2)

differs from ‘kinetic momentum’ mẋ for two reasons.
Energy

E = ẋp− L =
mc2√

1− ẋ2/c2
+ eφ (3.3)

combine into a (“covariant”) 4-vector

pµ = (E/c,−p) = m
dxµ

dτ
+ eAµ (3.4)

(note again that 1/dτ = γ/dt = 1/(dt
√

1− ẋ2/c2).
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From these expressions, one can show that the Minkowski norm of the mo-
mentum satisfies the following ‘dispersion relation’ (a momentum-energy re-
lation)

(pµ − eAµ)(pµ − eAµ) =
(E − eφ)2

c2
− (p− eA)2 = (mc)2 (3.5)

Finally, the covariant form of the equation of motion of the charge

dpµ

dτ
= eFµν

dxν

dτ
(3.6)

with the so-called Faraday tensor

Fµν = ∂µAν − ∂νAµ (3.7)

This is the 4-vector formulation of the Coulomb-Lorentz force

3.2 Klein-Gordon equation

Cook book recipe
First the usual recipe, as in the Schrödinger theory. From the classical disper-
sion relation

E =
(p− eA)2

2m
+ eφ (3.8)

right hand side is kinetic energy 1
2mẋ2 with mẋ = p− eA

make the replacements

E "→ ih̄∂t, p "→ −ih̄∇ (3.9)

and get the Schrödinger equation (in an electromagnetic field)

ih̄∂tψ = − h̄2

2m
[∇− i(e/h̄)A]2ψ + eφψ (3.10)

This does not work at the relativistic level, of course, because t and x do
not enter in a symmetric way. But we can start from the relativistic energy-
momentum relation Eq.(3.5). The replacement rules (3.9) are equivalent to

pµ "→ ih̄∂µ (3.11)

Note that the signs come out correctly because the covariant derivative is ∂µ =
∂/∂xµ = ((1/c)∂t,∇). One gets

[ih̄∂µ − eAµ][ih̄∂µ − eAµ]ψ

= − h̄2

c2
(∂t + i(e/h̄)φ)2ψ + h̄2(∇− i(e/h̄)A)2ψ = (mc)2ψ (3.12)

or, in the free field case [
1
c2

∂2
t −∇2 +

m2c2

h̄2

]
ψ = 0 (3.13)

with D’Alembert operator c−2∂t−∇2 = ∂µ∂µ, the relativistic generalization of
the Laplace operator. This is the Klein-Gordon equation.
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World formula
Action for the Klein-Gordon equation (without field)

S =
∫

dt d3x

[
h̄2

c2
∂tψ

∗∂tψ − h̄2(∇ψ∗) · (∇ψ)− (mc)2ψ∗ψ
]

(3.14)

is covariant under rotation, phase factor change. Also under Lorentz transfor-
mation since it involves the scalar ∂µψ∗∂µψ. No need to change the field under
Lorentz transformation (a ‘scalar field’).

A more precise formulation: change of coordinates x′ = Λx with 4 × 4
matrix Λ. The scalar function ψ(x) is represented in the new coordinates by a
new function ψ′(x′) that takes the same value at points that are mapped onto
each other by the Lorentz transformation

ψ′(x′) = ψ(x) = ψ(Λ−1x′), or ψ′ = ψ ◦ Λ−1 (3.15)

Compare to a vector field and coordinate rotation R:

E′i(x
′) = RijEj(x) = RijEj(R−1x′), or E′ = R(E ◦R−1) (3.16)

where the rotation matrix R acts also on the components of the field.
Euler-Lagrange equations: here for a complex field ψ. Exercises: work out

separately for real and imaginary part of ψ, like components of a generalized
coordinate vector. Here: differentiate directly with respect to ψ or ψ∗ as if they
were independent. With Lagrangian density L:

0 =
∂L
∂ψ∗

− ∂µ
∂L

∂(∂µψ∗)
(3.17)

= −(mc)2ψ − h̄2∂µ∂µψ (3.18)

hence we recover again the Klein-Gordon equation.

Current conservation
Conserved current for Klein-Gordon field:

jµ = (nc, j) =
ih̄
2m

(ψ∗∂µψ − ∂µψ∗ψ) (3.19)

easy to check that is conserved:

∂µjµ = ∂tn +∇ · j = 0 (3.20)

from the Klein-Gordon equation (3.18) and its complex conjugate.
However, the density n cannot be interpreted in terms of a positive definite

probability density:

n =
ih̄

2mc2
(ψ∗∂tψ − ∂tψ

∗ψ) =
E

mc2
ψ∗ψ

>
< 0 (3.21)

In the last step, we have assumed a stationary state ψ(x, t) = ψ(x) e−iEt/h̄. This
is negative if we take for E the negative branch of the dispersion relation:

E = ±
√

p2c2 + (mc2)2 (3.22)
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In our days, this negative density is not really a problem: we would simply
interpret these “negative energy solutions” as “antiparticles” that count with a
minus sign in the total number of particles.

The fact that the Klein-Gordon equation has solutions whose energy is neg-
ative and arbitrary large, was troubling physicists in the 1920s. One of the
reasons is that one could imagine a stable ground state only as a state of low-
est energy. From the thermodynamics viewpoint, a Hamiltonian with energy
eigenvalues that extend to −∞ seem to make problems as well. This moti-
vated Dirac to derive his equation, but it turned out that it suffers from the
same problem.

Klein-Gordon propagator
Solution of (rewrite mc/h̄ as m; unit: 1/length)(

∂µ∂µ + m2
)
G(x) = δ(x) (3.23)

Solution with frequency Fourier transform

G(x) =
1

4π|x|
∫

dω

2π
exp[−iωt + i|x|

√
ω2 −m2] (3.24)

using solution for Helmholtz equation for k =
√

ω2 −m2. General result is
complicated. Is nonzero also in/outside the light cone, different from (mass-
less) photon.

Special case ω = 0, relevant for static source (instead of ‘event flash’):
Yukawa potential

G(x;ω → 0) =
1

4π|x|e
−m|x| (3.25)

Hence a static source coupled to the Klein-Gordon field creates a nonzero field
amplitude only at a distance |x| ∼ 1/m. This field has the form of a ‘screened’
Coulomb potential. For the electron mass (0.5 MeV), the range of this potential
corresponds to∼ 10−12 m. But the electron is not described by the scalar Klein-
Gordon field, as we shall see. The particles called π-mesons or ‘pions’ (π0, π+,
π−) have masses around 140 MeV and their quantum numbers are compatible
with the Klein-Gordon equation. The range is of the order of a few ∼ 10−15 m
which is of the size of the nucleus. Indeed, the pions are thought to be the
‘photons’ (i.e., the particles that carry the interaction) of the ‘strong force’ that
binds together protons and neutrons in the nucleus.

Nonrelativistic limit: work directly on Klein-Gordon Eq.(3.13), factoring off
e−imt that corresponds to the rest mass.

Symmetries
The Klein-Gordon field describes a ‘scalar’ field: under a Lorentz transforma-
tion or a rotation, the amplitude changes to

ψ′(x′) = ψ(x). (3.26)

where x′ = Λx are the ‘new coordinates’ of a space-time event after a Lorentz
transformation Λ (a 4× 4 matrix).
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The Klein-Gordon action is invariant under complex conjugation:

ψ(x) "→ ψ∗(x). (3.27)

This is related to the operation called ‘charge conjugation’. Two cases can oc-
cur: either the field ψ is real, then it is itself invariant under conjugation: the
field is electrically neutral. If the field is explicitly complex, then ψ and ψ∗ dif-
fer and describe fields (particles) with an opposite electric charge. The field ψ∗
satisfies the same equation (if Aµ = 0), in particular, it has the same mass.

3.2.1 Gauge symmetry
For the complex Klein-Gordon field, the action is also invariant under a ‘global
phase factor’

ψ′(x) = eiϕψ(x) (3.28)

It is a very deep principle of field theory that this symmetry can be formu-
lated ‘locally’ and that it provides a natural way to couple to the electromag-
netic field. This principle opened the way to what it now called the ‘standard
model’: the weak and strong interactions are introduced by postulating similar
local symmetry transformations.

A local phase transformation is given by

ψ′(x) = eiϕ(x)ψ(x) (3.29)

Since now ϕ(x) is position-dependent, the momentum operator acts on ψ′ like

i∂µψ′ = eiϕ(x) (i∂µ − ∂µϕ) ψ (3.30)

where an extra term appears. This looks a little bit like the vector potential
that appears in the minimal coupling scheme. Let us consider the combination
(h̄ = 1) (

i∂µ − eA′µ
)
ψ′ = eiϕ(x)

(
i∂µ − ∂µϕ− eA′µ

)
ψ

= eiϕ(x) (i∂µ − eAµ) ψ (3.31)

In the last line, we have forced this to ‘look like’ another vector potential Aµ by
the identification ∂µϕ + eA′µ = eAµ which looks like a gauge transformation:

eA′µ = eAµ − ∂µϕ = e (Aµ + ∂µχ) (3.32)

if we take ϕ = −eχ where χ is the ‘gauge function’.
This can be formalized by introducing the ‘covariant derivative’

iDµ := i∂µ − eAµ (3.33)

and we find that the following Klein-Gordon action is covariant

S =
∫

dt d3x
[
(Dµψ)∗(Dµψ)− (mc)2ψ∗ψ

]
(3.34)

provided that one makes simultaneously a local phase transformation and a
gauge transformation: {

ψ′(x) = e−ieχ(x)/h̄ψ(x)

A′µ = Aµ − ∂µχ
(3.35)
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The scalar quantity e in the phase factor can now be identified with the electric
charge of the field.

We now see also that the complex conjugate field ψ satisfies a field equation
with the opposite sign of e: indeed, under complex conjugation,

(i∂µ − eAµ)ψ "→ (−i∂µ − eAµ)ψ∗ = −(i∂µ + eAµ)ψ∗ (3.36)

the global sign disappears from both the action and the wave equation since
these are quadratic in Dµ.

3.3 Dirac equation
Motivation: find the ‘square root’ of the wave operator ∂µ∂µ to get something
linear in ∂t. This should help avoiding solutions with both signs in energy.

3.3.1 Heuristic Ansatz
Idea: the negative energies/frequencies in the Klein-Gordon equation arise be-
cause the equation contains second order derivatives in time. Find an equa-
tion with only first-order derivatives like the Schrödinger equation. Ansatz
(h̄ = c = 1)

i∂tΨ = −iαk∂kΨ + βmΨ (3.37)
with numbers αk and β to be fixed. We require that applying this differential
operator twice on a plane wave with 4-momentum pµ, one gets back the dis-
persion relation for a particle where m is the mass. Working out the square,
this leads to

E2 = β2m2 + m
∑

k

pk
(
αkβ + βαk

)
+

∑
kl

pkpl 1
2

(
αkαl + αlαk

)
(3.38)

This reduced to E2 = m2 + p2 for all p only if

β2 = 1 (3.39)
αkβ + βαk = 0 (3.40)

αkαl + αlαk = 2δkl (3.41)

Hence, the αk and β cannot be numbers. One has to work with non-commuting
objects, and the simplest are matrices. They are called “Dirac matrices”.

One can show that the minimum dimension one needs is four. The Dirac
matrices are not unique, as a unitary transformation like β "→ UβU† (use the
same for the αk’s) leaves the relations (3.39–3.41) invariant. A particular repre-
sentation that is often used is the “Dirac representation”

β =
(

0
0 −

)
(3.42)

αk =
(

0 σk

σk 0

)
(3.43)

where the sub-blocks are 2 × 2 matrices, and the σk are the Pauli matrices. As
a consequence, the Dirac wave function Ψ is also a four-component object. It is
not a 4-vector like xµ, however. Objects like this are called “spinors” or “spinor
wavefunctions”.
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Let us also mention that the ‘photon wavefunction’ can be identified with the vector
fields E and cB. In fact, the Maxwell equations

1
c
∂tE = ∇× cB (3.44)

1
c
∂tcB = −∇×E (3.45)

provide another way to ‘take the square root’ of the D’Alembert operator. We work
on the subspace of functions with ∇ · E = ∇ · B = 0. This constraint holds at all
times if it holds at one time.

Covariant formulation

Covariance. One can sometimes read that the Dirac equation (3.37) is not invariant
under parity or rotations since this changes the differential operator ∂k, leading to
a different form. This is not true, but the reason is subtle. In fact, we shall see that
under this kind of transformations, the Dirac wave function Ψ must be changed as
well. (It is not a ‘scalar’, nor is it a 4-vector.) The overall effect is similar to a change
in the matrices β, αk that exactly ‘undoes’ the change in the coordinate derivative.
We shall study explicit examples when dealing with the rotation of the Dirac wave
function and with Lorentz transformations.

A covariant formulation of the Dirac equation works with a 4-vector of
matrices γµ, the so-called “gamma matrices” or Dirac matrices. One chooses
γ0 = (β)−1 = β and gets (

iγ0∂t + iγk∂k

)
Ψ = mΨ (3.46)

which is identical to Eq.(3.37) if we choose αk = γ0γk. A Dirac equation that
looks very covariant is then

iγµ∂µΨ = mΨ (3.47)

The gamma matrices satisfy the following relations

{γµ, γν} ≡ γµγν + γνγµ = 2gµν (3.48)

This is the mathematical structure of a so-called Clifford algebra.1

Note that the covariant vector ∂µ = (∂t, ∂k) is the derivative with respect to the
contravariant coordinates xµ: ∂µ = ∂/∂xµ. This is so because for a scalar function
ϕ, the differential

dxµ∂µϕ = ϕ(xµ + dxµ)− ϕ(xµ) (3.50)
is a scalar under Lorentz transformations. Observe that this is compatible with the
energy-momentum operator in quantum mechanics:

E = ih̄∂t, pk = −ih̄
∂

∂xk
, pµ = (E,−pk) = (ih̄∂t, ih̄

∂
∂xk

) (3.51)

1Clifford algebra. Definition: an algebra is a vector space where a ‘product’ A ◦ B is defined.
Let , A1, . . . An be the ‘generators’ of this vector space, i.e., any element of the algebra can be
written as a linear combination of products of the Ai. The algebra is called a Clifford algebra
Cl(p, q), n = p + q if

Ai ◦Aj + Ai ◦Aj = 2gij (3.49)
with gij a diagonal matrix with entries g11 = . . . gpp = −1, gp+1,p+1 = . . . gnn = 1. The first p
generators are thus ‘square roots of −1’, similar to the complex unit i. The Dirac matrices are in
the vector space of complex 4 × 4 matrices, p = 1, q = 3, the product of the algebra is the matrix
multiplication.
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Dirac Hamiltonian

We can write the Dirac equation in the Schrödinger-like form

ih̄∂tΨ = HΨ =
(
γ0mc2 − ih̄cγ0γi∂i

)
Ψ. (3.52)

This defines the so-called Dirac Hamiltonian H , including factors h̄ and c. We
would like this Hamiltonian to be hermitean, to preserve the probability den-
sity Ψ†Ψ. Hence: the matrices γ0 and γ0γi are hermitean. We have already
seen the notation αi = γ0γi for the three hermitean matrices encountered here.

We can check that γi is anti-hermitean:

(γi)† = (γ0γ0γi)† = (γ0γi)†(γ0)† = (γ0γi)γ0 = −γi (3.53)

because of the anti-commutation rule (3.48). Note that

(αi)2 = (γ0γi)2 = γ0γiγ0γi = −γ0γ0γiγi = 1 (3.54)

The γ matrices are traceless. We show this first for the αi:

tr (γiγ0)
(1)
= tr (γ0γi)

(2)
= −tr (γiγ0) (3.55)

Step (1): cyclic permutation under the trace. Step (2): anti-commutation rule.

tr γ0 = −tr (γ0γiγi) = −tr (γiγ0γi) = tr (γ0γiγi) = −tr γ0 (3.56)

and similarly for γi.
If we diagonalize the hermitean matrices γ0 and the γ0γi, the trace is the sum of the
eigenvalues. In addition, since (γ0)2 = 1 = (γ0γi)2, the eigenvalues are ±1. So we
need at least matrices of dimension 2× 2 to have eigenvalues in pairs with opposite
sign.
The 2 × 2 case is too restrictive to construct the matrices we need: we do not have
four linearly independent matrices that are all different from the unit matrix. The
best one could do is to use Pauli matrices that have the property

σiσj + σjσi = 2δij , (3.57)

are hermitean with trace zero. But the only candidate for γ0 would be the unit
matrix that does not anti-commute.

3.3.2 Plane-wave solutions
Let us consider first a particle at rest. This corresponds to a plane wave
with pµ = (E,0). The wave function is thus only time-dependent, Ψ(t,x) =
Ψ0 e−iEt/h̄, and the Dirac Hamiltonian gives

ih̄∂tΨ = EΨ0e−iEt/h̄ = mc2γ0Ψ0e−iEt/h̄ = mc2

(
0

0 −
)

Ψ0e−iEt/h̄ (3.58)

We can thus distinguish four cases:

‘particles’ with E = mc2: Ψ0 =


1
0
0
0

 or


0
1
0
0



‘antiparticles’ with E = −mc2: Ψ0 =


0
0
1
0

 or


0
0
0
1

 (3.59)

40



So the Dirac equation also suffers from ‘solutions with negative energy’, as
the Klein-Gordon equation did! One advantage is that with Pauli’s exclusion
principle, one can construct an interpretation in terms of antiparticles as ‘holes’
in the filled ‘Fermi sea’ of negative energy solutions.

The two independent, particle-like solutions are related to the spin. This is
a big plus in favour of the Dirac equation (outweighing the problems with the
negative energy solutions). We shall see later that the spin operator is given by

S =
(

1
2σ 0
0 1

2σ

)
(3.60)

where σ is the vector of Pauli matrices. The spinors (3.59) are eigenstates of
the z-component of this operator, with eigenvalues ±1/2. Of course, any other
two orthogonal two-component spinors would provide two independent so-
lutions to the Dirac equation as well, they would be eigenstates to a different
component of the spin operator, but still with eigenvalues ±1/2.

How can we construct the wave function for a plane wave with momentum
p += 0? The simple way is to solve the Dirac equation (Ψ0 = (ψ, χ)T )

EΨ0 = mγ0Ψ0 + pkαkΨ0, E

(
ψ
χ

)
=

(
m p · σ

p · σ −m

) (
ψ
χ

)
(3.61)

This gives, for example:
χ =

p · σ
E + m

ψ (3.62)

and we can choose the ‘upper’ spinor ψ freely. We see that in the non-
relativistic limit (|E − m|, |p| , m), the lower spinor χ is much smaller in
magnitude than the upper one. This is typical for the ‘particle-like’ solution. If
it moves slowly enough, its ‘admixture’ of ‘antiparticle-like’ components (i.e.,
lower spinor) is small. In the opposite case (ultrarelativistic limit or nearly
massless particle), both upper and lower spinors have entries that are compa-
rable in magnitude. This is the case for neutrinos, for example.

The particle- and anti-particle like solutions with momentum p and ener-
gies ±E = (m2 + p2)1/2 are finally given by

‘particle’, energy E ≥ m:

Ψ(x) = N

 ψs

σ · p
E + m

ψs

 exp(−iEt + ip · x) (3.63)

‘antiparticle’, energy −E ≤ −mc2:

Ψ(x) = N

(
− σ · p

E + m
ψs

ψs

)
exp(iEt + ip · x) (3.64)

Here, ψs is a two-component spinor that specifies the spin state of the parti-
cle. The factors N are for normalization. The calculation for the antiparticle is
similar to the one done here.

Another way is to to apply a Lorentz transformation to the solutions for a
particle at rest. Starting from a ‘particle-like’ solution where χ0 = 0, the spinor
transformation (3.113) we shall derive below gives(

ψ
χ

)
=

(
ch(β/2)ψs

σ · n sh(β/2)ψs

)
(3.65)
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It is straightforward to check that the ratio between χ and ψ, σ · n th(β/2), is
the same as in Eq.(3.62) provided n is the unit vector along p and sh β = |p|/m.
(Recall the difference between velocity and relativistic momentum, p = γmv.)

3.3.3 Minimal coupling and non-relativistic limit
Let us discuss another successful prediction of the Dirac equation: the ‘anoma-
lous magnetic moment’ of the electron.

Minimal coupling or local U(1) invariance, see Sec.3.2.1: change i∂µ into
iDµ = i∂µ − eAµ/h̄. 4-vector potential Aµ = (φ/c,−A), covariant derivative
Dµ = (Dt,D).

Split Dirac equation (3.52) in upper and lower two-component spinors, re-
store h̄ and c

ih̄Dtψ = mc2ψ − ich̄σ ·Dχ

ih̄Dtχ = −mc2χ− ich̄σ ·Dψ (3.66)

We separate off a factor e−imc2t/h̄ from both ψ and χ and assume that the re-
maining functions ψ̃ and χ̃ are ‘slowly varying’ on the time scale set by h̄/mc2.
We also require that the vector potential (more precisely eAµc) is small com-
pared to the rest energy. This gives for the second equation

ih̄Dtχ̃ = −2mc2χ̃− ich̄σ ·Dψ̃ (3.67)

where the left hand side is by assumption negligible compared to the first term
on the right hand side. Therefore

χ̃ = − ih̄
2mc

σ ·Dψ̃ (3.68)

This gives the small admixture of ‘antiparticle’ to the particle wave function.
For the first line of of (3.66), we thus get

ih̄Dtψ̃ = − h̄2

2m
(σ ·D)(σ ·D)ψ̃ (3.69)

Now, the Pauli matrices have the property

σkσl = δkl + iεklmσm (3.70)

and therefore

σkDkσlDl = D ·D +
i
2
σmεklm [Dk, Dl]

= (∇− ieA/h̄)2 +
e

2h̄
σmεklm [∂kAl − ∂lAk]

= (∇− ieA/h̄)2 +
e

h̄
σ ·B (3.71)

Putting everything together, we have found the so-called Pauli equation

ih̄∂tψ̃ = − h̄2

2m
(∇− ieA/h̄)2ψ̃ − eh̄

2m
σ ·Bψ̃ + eφψ̃ (3.72)
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The key result is how the spin couples to the magnetic field. Let us write S =
h̄
2σ for the spin operator. Collect the spin-magnetic field coupling with the one
involving the orbital angular momentum L (see exercise), we have:

Hmag = − e

2m
L ·B− e

m
S ·B (3.73)

where the spin S appears with a prefactor e/m that is two times larger than for
L. If one writes the magnetic interaction (3.73) in terms of a magnetic moment,
Hmag = −µ ·B:

µ = µB (L + gS) , g = 2, µB =
e

2m
, (3.74)

the factor g = 2 in front of the spin is called the ‘gyromagnetic ratio’ of the
electron spin. Here, µB is called the ‘Bohr magneton’. In the early days of
quantum theory, only the orbital angular momentum was known, and it was
regarded as ‘anomalous’ that some atomic energy levels should show shifts in
a magnetic field whose splittings are twice as large, namely gµBh̄|B|. In fact,
one was observing the Zeeman effect for a state with, for example, l = 0 and
S = 1/2.

Again, a closer look reveals that g ≈ 2 + α/π + O(α2) + . . .. The correction to
first order in the fine structure constant α is due to quantum electrodynamics and
‘virtual photons’ surrounding the electron.

3.3.4 Klein paradox

3.3.5 Dirac theory for hydrogen
The Dirac equation can also be solved for the hydrogen atom. We need, of
course, to couple the electron to the electromagnetic field, as discussed in the
next section. Then, one can derive in spherical coordinates a radial equation,
make a polynomial ansatz and so on to get the quantized energy levels. Here,
the Dirac equation successfully describes that the l levels are not degenerate.
The ‘fine structure’ is getting apparent with 2s and 2p changing into 2s1/2,
2p1/2, and 2p3/2. The index j = 1/2, 3/2 is the ‘total angular momentum’, a
quantum number that combines the orbital angular momentum and the elec-
tron spin. For this reason, one is also talking about ‘LS coupling’.

If you are interested, you can find these calculations in the books. The en-
ergy eigenvalues are given by (see Fig.3.1)

Enj =
mc2(

1 +
α2

(n− δj)2

)1/2
, δj = j + 1

2 −
√

(j + 1
2 )2 − α2 (3.75)

where α = e2/4πε0h̄c ≈ 1/137.04 is the fine structure constant. The quan-
tum numbers are n = 1, 2, . . ., j = 1

2 , 3
2 , . . . n − 1

2 . Dirac’s theory predicts
that the level 2p3/2 is splitting off the two others 2s1/2 and 2p1/2 (these two
have the same values of n, j). Good point: this is experimentally seen, and the
non-relativistic calculation for the hydrogen atom could not explain this ‘fine
structure splitting’.

At a closer look, the levels 2s1/2 and 2p1/2 are also slightly split: this is called the
‘Lamb shift’ and is due to quantum electrodynamics (QED). The electron is sur-
rounded by a ‘cloud of virtual photons’ that changes its mass, charge and so on.
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continuum

1s

2s

1/2

1/2 1/2
2p

2p3/2

Lamb shift (QED)

fine structure splitting (Dirac)E = mc 2

Figure 3.1: Energy levels of the hydrogen atom within the Dirac theory: the
‘fine structure’ between 2p1/2 and 2p3/2 appears. The Lamb shift (splitting
between the levels 2s1/2 and 2p1/2) is not described by the Dirac equation, one
needs QED for that.

3.4 Relativistic covariance and symmetry groups

3.4.1 Lagrangian
Lagrangian

S =
∫

dt d3x

[
i
2
Ψγµ∂µΨ− i

2
∂µΨγµΨ−mΨΨ

]
(3.76)

with a field Ψ. The object Ψ (the ‘adjoint’ field) is something like a hermitian
conjugate of Ψ. This action is linear in ∂µ and ‘symmetric’ in t,x, although the
quantities γµ remain mysterious. Shall see: 4× 4 matrices.

Euler Lagrange equation gives the Dirac equation

iγµ∂µΨ−mΨ = 0 (3.77)

Big advantage of this method: if we can construct the theory such that the
action (3.76) is a covariant scalar with respect to Lorentz transformations, then
the Dirac equation will be covariant as well. Note that for the moment, we are
cheating since γµ only “looks like” a 4-vector, but is actually constant.

3.4.2 Probability current
Next: conserved current. Need Dirac equation for adjoint spinor, from Euler-
Lagrange equation

−i∂µΨγµ −mΨ = 0 (3.78)
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multiply from the right with Ψ, multiply (3.77) from the left with Ψ and take
the difference:

0 = Ψγµ∂µΨ + (∂µΨ)γµΨ = ∂µ(ΨγµΨ)
hence: jµ = ΨγµΨ (3.79)

The conserved current is bilinear in Ψ and Ψ, with no derivative. We now
require that the probability density be positive:

n = j0 = Ψγ0Ψ ≥ 0 (3.80)

Let us define the ‘adjoint’ field by Ψ = Ψ†Γ with some factor (matrix) Γ to be
specified. The density n is positive if Γγ0 is positive, for example if Γγ0 = 1.
From the anti-commutation relation (3.48), one possible solution is Γ = γ0.
Hence, we get

Ψ = Ψ†γ0, n = Ψ†Ψ ≥ 0 (3.81)

The spatial part is the probability current and given by

jk = ΨγkΨ = Ψ†αkΨ (3.82)

Note the analogy to the product between density Ψ†Ψ and the velocity operator
α (see exercises).

To show that the two terms in the action with derivates are the complex conjugates
of each other, you need the property

(γµ)†γ0 = γ0γµ (3.83)

that follows from the fact that γk is anti-hermitean (3.53) and anti-commutes with
the hermitean matrix γ0.
The same relation pops up when one wants to show that the Euler-Lagrange equa-
tions for Ψ and Ψ are related to each other by complex conjugation. This is another
way to get the solution Γ = γ0 for the matrix in the adjoint spinor.

3.4.3 Spinor rotation
We now want to see how the Dirac spinor changes under a rotation of the
coordinates. Our main goal is to ensure that the probability current transforms
like a vector. The current is given by (we write the spatial indices as lower or
upper indices, there is no sign change implied here as with greek indices)

jk = Ψ†γ0γkΨ = Ψ†αkΨ (3.84)

This is a vector if for a coordinate rotation (with rotation matrix R with entries
Rkl) we have the following transformation

x′ = Rx, j′k(t,x′) = Rkljl(t,x) (3.85)

(the ‘new components’ j′k are given by the same formula as the ‘new coordi-
nates’ Rx). To implement this formula, let us first write the Dirac spinor in the
form Ψ = (ψ, χ)T so that

jk = ψ†σkχ + χ†σkψ. (3.86)
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We have to assume that these spinors change unter a rotation, ψ′(x′) =
S(R)ψ(x), χ′(x′) = S(R)χ(x) where S is a complex matrix. We then get

ψ†S†σkSχ + χ†S†σkSψ
!= Rkl

(
ψ†σlχ + χ†σlψ

)
(3.87)

This is satisfied for all ψ, χ if we have

S†σkS = Rklσl (3.88)

This equation fixes S(R) up to a global phase factor. You recognize here the
transformation of the 2-component spinor discussed in Exercise 8.4. The gen-
eral result worked out there gives the transformation exp

(
i
2θσ · n)

for a rota-
tion about an angle θ around the axis n (this is a unit vector). The Dirac 4-spinor
therefore transforms in the following way under a rotation:

Ψ′(x′) =
(

exp
(

i
2θσ · n)

0
0 exp

(
i
2θσ · n) )

Ψ(x) (3.89)

From this equation, one can show that the Dirac spinor describes a particle
with spin 1/2. We shall see the precise proof of this statement in the chapter on
symmetry groups. But let us first provide a proof of a special case of Eq.(3.89).

Infinitesimal rotation

We focus on a rotation around the z-axis. The corresponding rotation matrix is
given by

Rij =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 (3.90)

and the corresponding spinor transformation must satisfy:

S†σxS = cos θ σx + sin θ σy (3.91)

and a similar equation including σy .
If the rotation angle θ is small, we have to first order in θ:

S†σxS = ( − iθJz) σx ( + iθJz) = σx + θ σy (3.92)

we have written S as the unit matrix2 plus a correction to first order in θ. We
try to work with a hermitean matrix Jz . The matrix Jz is called the ‘generator’
of the spinor transformation. We get from (3.92):

[Jz, σx] = iσy. (3.93)

If we exclude a c-number valued contribution3, this relation is satisfied if we
take

Jz =
1
2
σz, S(θ, z) = +

i
2
θσz, θ → 0. (3.94)

By concatenating this transformation for many small angles, we get

S(θ, z) = lim
N→∞

(
+ i

2 (θ/N)σz

)N = exp
(

i
2θσz

)
(3.95)

This coincides with the special case one obtains from (3.89) when the unit vec-
tor n is identified with the rotation axis.

2Note that this corresponds to a specific choice for the global phase of S.
3This would again correspond to a global phase in S.
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If you do not feel comfortable with this calculation, you can introduce a one-
parameter subgroup S(θ) of spinor transformations such that (3.91) holds. By dif-
ferentiating this constraint with respect to θ, one gets a differential equation whose
solution is the matrix exponential (3.95).

Since σ2
z = , the matrix exponential can be expanded and re-summed easily. This

gives the matrix elements of the spinor transformation:

S(θ, z) = cos(θ/2) + iσz sin(θ/2). (3.96)

3.4.4 Boosting spinors
Now, how can we make the Dirac spinor behave in a relativistic way? Our
basic requirement will be that the probability current jµ be a 4-vector.

Now, we have to implement the transformation for the 4-current. We re-
quire it to be a contravariant vector, hence

j′µ(x′) = Λµ
νjν(x) (3.97)

Again the usual interpretation: at the ‘new coordinate’ x′, the ‘new compo-
nents’ j′ are related to the ‘old’ ones in the same way as the coordinates.

Let us write S = S(Λ) for the spinor transformation. We are not sure
yet that it is unitary, but it should be invertible. The probability current
jµ = ΨγµΨ = Ψ†γ0γµΨ is a 4-vector if we have

S†γ0γµS = Λµ
νγ0γν . (3.98)

To solve this equation, let us focus on a Lorentz boost along the x-axis (sh =
sinh, ch = cosh, th = tanh)

Λµ
ν =


chβ sh β 0 0
sh β chβ 0 0
0 0 1 0
0 0 0 1

 (3.99)

with thβ = v/c. Now, µ = 0 and µ = x are the relevant equations in (3.98)

S†S = chβ + sh β γ0γx = chβ + sh β αx (3.100)
S†γ0γxS = S†αxS = shβ + chβ αx (3.101)

The first equation shows that S is not a unitary matrix. We make nevertheless
the ansatz S = + βK for an infinitesimal Lorentz transformation. This gives

1 + β(K† + K) = 1 + βαx (3.102)
αx + β(K†αx + αxK) = αx + β (3.103)

These equations can be satisfied by taking K = 1
2αx: K is hermitean, and

from the fundamental properties (3.48), K†αx + αxK = . Exponentiating this
infinitesimal spinor transformation, we get

S(β, x) = exp( 1
2βαx) = ch(β/2) + sh(β/2)αx. (3.104)

For a boost along an axis n, one has to replace αx → nkαk. This comes from
the fact that (nkαk)2 = for all unit vectors n.
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3.4.5 The action is scalar
To complete the construction of the Lorentz-covariant Dirac equation, let us
show that the Lagrangian for the Dirac equation is a Lorentz scalar. Then the
Dirac equation (via the Euler-Lagrange equations) will be covariant also.

In the Lagrangian

S =
∫

dt d3x

[
i
2
Ψγµ∂µΨ− i

2
∂µΨγµΨ−mΨΨ

]
First the term ΨΨ: we continue our conservative assumption that the spinor
changes by a matrix S, but the Dirac matrices are the same γ′µ = γµ. This term
is thus a Lorentz scalar only when

S†γ0S = (ch(β/2) + sh(β/2)αx) γ0 (ch(β/2) + sh(β/2)αx) (3.105)

One term gives ch2(β/2)γ0. The mixed term vanishes because αx and γ0 anti-
commute. The last term gives αxγ0αx = −γ0(αx)2 = −γ0. Hence

S†γ0S =
(
ch2(β/2)− sh2(β/2)

)
γ0 = γ0 (3.106)

and it follows that Ψ′(x′)Ψ′(x′) = Ψ(x)Ψ(x): this transforms like a scalar field
under Lorentz boosts. It is a simple exercise to show that this is a scalar under
rotations as well (because the 2-spinor transformations are unitary).

So let us consider the term with the derivatives. One of them will be suffi-
cient because one can show that the other one is the complex conjugate.

Ψ′(x′)γµ∂′µΨ′(x′) = Ψ†(x)S†γ0γµ ∂

∂x′µ
SΨ(x)

= Ψ†(x)S†γ0γµS
∂

∂x′µ
Ψ(x)

= Ψ†(x)Λµ
νγ0γν ∂

∂x′µ
Ψ(x) (3.107)

we have used that the transformation matrix S does not depend on the coordi-
nates (going beyond that would lead us from special to general relativity), and
the transformation rules (3.98) for the γ matrices.

Note that these rules hold in this form for both rotations and boosts. For rotations, Λ
is a matrix that acts trivially on the time coordinate, with the rotation matrix being
a 3× 3 block for the spatial coordinates.

Now, how does the derivative ∂′µ transform? We have to re-express the
argument x = Λ−1x′, or in components

xν = (Λ−1)ν
µx′µ. (3.108)

Hence the chain rule for differentiation gives

∂

∂x′µ
Ψ(x) =

∂

∂x′µ
Ψ((Λ−1)ν

λx′λ)

= (Λ−1)ν
λδλ

µ
∂

∂xν
Ψ(x)

= (Λ−1)λ
µ

∂

∂xλ
Ψ(x) (3.109)
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Taking the matrix elements of the Lorentz transformations out of the spinor
product, we get from Eqs.(3.107, 3.109):

Ψ′(x′)γµ∂′µΨ′(x′) = (Λ−1)λ
µΛµ

νΨ†(x)γ0γν ∂

∂xλ
Ψ(x)

= δλ
νΨ(x)γν ∂

∂xλ
Ψ(x) (3.110)

The second line follows because we deal with the Lorentz matrix and its in-
verse. Hence indeed, this term of the action is covariant.

By the way, Eq.(3.109) is precisely the transformation for a covariant 4-vector. To see
it, just compute

pµxµ = p′
µx′µ = Λ̃µ

νpνΛµ
λxλ ⇒ Λ̃µ

νΛµ
λ = δν

λ (3.111)

Hence, the transformation matrix Λ̃µ
ν for the covariant vector pµ is the transposed

inverse of the Lorentz matrix Λµ
λ for the coordinates xµ.

Formulas for spinor transformations

To summarize the spinor transformations we found, consider first a coordinate
rotation around the axis n with angle θ. One then has

Ψ′(x′) =
(

ψ′(x′)
χ′(x′)

)
=

(
exp

(
i
2θσ · n)

0
0 exp

(
i
2θσ · n) ) (

ψ(x)
χ(x)

)
(3.112)

For a Lorentz boost along the direction n with a relative velocity v = c thβ:

Ψ′(x′) =
(

ψ′(x′)
χ′(x′)

)
=

(
ch(β/2) sh(β/2)σ · n

sh(β/2)σ · n ch(β/2)

) (
ψ(x)
χ(x)

)
(3.113)

There are other quantities that can be constructed from the Dirac matrices:
four-tensors with two and three indices. The quantity γ0γxγyγz transforms
like a ‘pseudoscalar’ (it changes sign under parity and/or time reversal) and is
related to the ‘handedness’ (chirality) of the Dirac spinors. This is an important
concept in the standard model, but beyond the scope of this lecture.

3.5 Discrete symmetries
The Minkowski distance is also invariant under sign changes of space or time:

s2 = c2t2 − x2 = c2t2 − (−x)2 = c2(−t)2 − x2 (3.114)

These transformations are not included in the rotation and Lorentz matrices
that we considered so far. Indeed, the space inversion x "→ −x has a determi-
nant −1, hence it is not a proper rotation matrix. And for t "→ −t, the 00 ele-
ment of the Lorentz matrix Λµ

ν is negative which did not occur in the Lorentz
boosts we considered so far. The full group of transformations that leaves the
Minkowski distance s2 invariant thus contains four times as much elements:
for each Λ, one has in addition PΛ, TΛ, and PTΛ where P is the ‘parity oper-
ator’ (space inversion) and T denotes ‘time reversal’.

We discuss now these operations separately and determine how they can
be implemented for the Schrödinger and Dirac equations. Note that both oper-
ations K = T, P satisfy K2 = 1 on the level of coordinate transformation. This
will no longer be true in the quantum mechanics setting.
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3.5.1 Coordinates and vectors
Parity

The parity operator P takes the mirror image of the spatial coordinates. The
following vectors (‘polar vectors’) change sign under P : x, p, ∇, A, E. The
magnetic field B and the angular momentum L do not change sign (pseudovec-
tors or axial vectors).

As a consequence, the classical equation of motion

d
dτ

pk = eEk dt

dτ
− eBk

l
dxl

dτ
(3.115)

is covariant under P . (τ is the proper time, and the matrix Bk
l acts like a vector

product: Bklul = (B× u)l. It is invariant under parity.)
A scalar wave function transforms under parity according to

P : ψ(t,x) "→ ψ′(t′,x′) = ψ(t′,−x′) (3.116)

which is the usual rule for a scalar function under a coordinate transformation.

Time reversal

Under time reversal, t "→ t′ = −t. This flips in particular the signs of all mo-
menta (the coordinates being unchanged): x "→ x, p "→ −p. Since charges at
rest (in motion) create electric (magnetic) fields, respectively, we have E "→ E
and B "→ −B. This is consistent with A "→ −A for the vector potential,
while φ "→ φ for the scalar potential.4 Hence, also the kinematic momentum
mv = p − eA changes sign under time reversal. This corresponds to the intu-
itive picture of ‘running the film backwards’.

Again, the classical equation of motion (3.115) is covariant under time re-
versal: the coordinate time is flipped, dt′ = −dt, but the proper time dτ is
invariant.

We shall see that under time reversal,

T : ψ(t,x) "→ ψ′(t′,x′) = ψ∗(−t′,x′)

where ψ∗ is the complex conjugate wave function.

Charge conjugation

This operation flips the sign of the charge e "→ e′ = −e. Eq.(3.115) is covari-
ant only if we also take m′ = −m, but this does not make much sense in the
classical context. In the quantum context, with ‘antiparticles’, this is easier to
understand, but one has to go to the relativistic level. We shall see that it is
actually not necessary to change the sign of m.

3.5.2 Overview
The following table gives an overview on the transformation properties of the
different objects.

4Recall that E = −∂tA−∇φ.
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t x ∇ p L e E B A ψ Ψ
R Rx (R−1)T ∇ Rp det(R)RL RE det(R)RB RA S(R)Ψ
Λ Λ0

µxµ Λk
µxµ (Λ−1)T (∂t,∇) Λk

µpµ Λκ
µΛλ

νxµpν Λκ
µΛλ

νFµν Λk
µAµ [–] S(Λ)Ψ

P −x −∇ −p −E −A γ0Ψ
T −t −p −L −B −A ψ∗ −iΣ2Ψ∗
C −e [ψ∗] iγ2Ψ∗

Table 3.1: Transformation rules under (proper) rotations R, (proper) boosts Λ,
parity P (mirror symmetry), time reversal T , and charge conjugation C. ψ:
scalar Schrödinger wave function. Ψ: Dirac spinor wave function. No table
entry: object is invariant.
Notes: the angular momentum L is a sub-matrix of an antisymmetric 4 × 4
tensor in relativity that transforms like a tensor. The Schrödinger equation is
not Lorentz-invariant, of course. Charge conjugation does not really exist for
the Schrödinger wave function, unless one also changes the mass m "→ −m.

Die folgenden Abschnitte liefern mehr Details für diese Transformationen, speziell
die Herleitung der Matrizen für den Dirac-Spinor. Im SS’07 waren diese Abschnitte
nicht Teil der Vorlesung. Gehen Sie weiter zu Abschnitt 3.6.

3.5.3 Nonrelativistic quantum mechanics
Parity

The wave function transforms as given in Eq.(3.116) under the parity opera-
tor. With this, it is easy to check that the Schrödinger equation for a charged,
nonrelativistic particle is covariant under parity:

i∂t′ψ
′ =

h̄2

2m
(−i∇′ − e′A′)2 ψ′ + e′φ′ ψ′

= i∂tψ(t,−x′) =
h̄2

2m
(i∇+ eA)2 ψ(t,−x′) + eφψ(t,−x′) (3.117)

and this is identical to the original Schrödinger equation, evaluated at t,x.
Note that letting the scalar potential φ be invariant under parity is consistent with
the rule for the electric field vector. A subtlety: of course, the coordinates have to be
transformed and therefore we deal with a different function φ′(x′) = φ(−x′). This
happens as required for a scalar field (3.116).

The familiar picture of the ‘even potential well’ with even and odd eigenfunctions
only applies if under this transformation, the function is actually the same, φ′(x′) =
φ(x′). This illustrates the subtle difference between an equation being covariant (of
the same form) or invariant (does not change in numerical value).

Time reversal

Time reversal is already more tricky here. Definitely, the derivative ∂t "→ −∂t.
In addition, the vector potential A "→ −A as mentioned above. To compensate
for both changes a single trick is sufficient: take the complex conjugate of the
Schrödinger equation. The transformation under time reversal is therefore, as
announced before:

T : ψ′(t′,x′) = ψ∗(−t′,x′) (3.118)
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To show that the Schrödinger equation is covariant, we write it down for the
primed quantities and use the transformation laws (3.118) and the rules for
the electromagnetic potentials. Taking the complex conjugate of the resulting
equation leads to the Schrödinger equation for the unprimed quantities.

Charge conjugation

The prescription here would be e "→ e′ = −e and ψ(t,x) "→ ψ∗(t,x). Note that
nothing happens with the coordinates. This operation, however, does not work
at the level of non-relativistic quantum mechanics: unless one also flips m into
−m.

3.5.4 Dirac equation
The Dirac equation in an electromagnetic potential can be written in the form

γ0 (i ∂t − eφ) Ψ + γ · (i∇+ eA) Ψ = mΨ (3.119)

where γ = (γ1, γ2, γ3) contains ±σ as off-diagonal elements.

Parity

The spinor transforms like

P : Ψ′(t′,x′) = SP Ψ(t′,−x′)

where the 4 × 4 matrix SP remains to be found. We require that the Dirac
equation be covariant under the changes ∇ "→ −∇ and A "→ −A. Writing the
Dirac equation for Ψ′ and using the spinor transformation, one gets

S−1
P γ0 (i ∂t − eφ)SP Ψ + S−1

P γ · (−i∇− eA)SP Ψ = mΨ (3.120)

Hence, we need a matrix that satisfies

S−1
P γ0SP = γ0, S−1

P γkSP = −γk (3.121)

This matrix is easy to find: due to the basic anti-commutation relations between
the Dirac matrices, one has

SP = const γ0 (3.122)

where the constant is not yet fixed. We fix it by the requirement that the Lorentz
scalar ΨΨ be invariant under parity. This amounts to

S†
P γ0SP = γ0 (3.123)

which gives |const|2 = 1. We choose the simplest solution with SP = γ0 or

P : Ψ′(t′,x′) = γ0Ψ(t′,−x′) (3.124)

In this case, (SP )2 = . Note that a global phase factor could have occurred
here.
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Time reversal

As in the Schrödinger case, time reversal involves the complex conjugate of the
(spinor) wave function, in addition to the sign flip in the time coordinate:

T : Ψ′(t′,x′) = ST Ψ∗(−t′,x′)

A calculation similar to the previous one, using the transformation of the elec-
tromagnetic potential under time reversal, leads to

S−1
T γ0 (−i ∂t − eφ) ST Ψ∗ + S−1

T γ · (i∇− eA)ST Ψ∗ = mΨ∗ (3.125)

where the arguments Ψ∗(−t′,x′) are suppressed for brevity. taking the com-
plex conjugate of this equation, we get the covariant derivatives right, but the
Dirac matrices are getting conjugated:

S−1∗
T (γ0)∗ (i ∂t − eφ) S∗T Ψ + S−1∗

T γ· (−i∇− eA)S∗T Ψ = mΨ (3.126)

We thus require for the spinor transformation the properties

S−1∗
T γ0∗S∗T = γ0, S−1∗

T γk∗S∗T = −γk (3.127)

This is already more difficult to solve. To proceed, we need the following iden-
tities:

γ2γµ∗γ2 = γµ (3.128)
γ0γkγ0 = −γk (3.129)
γ5γ

µγ5 = −γµ (3.130)

that you are invited to prove in the exercises. Here, γ2 is the (only) Dirac matrix
with imaginary matrix elements (in the usual representation), and

γ5 = i γ0γ1γ2γ3 =
(

0
0

)
(3.131)

is a matrix that anti-commutes with the four Dirac matrices (see Eq.(3.130)).
Let us try the strange combination ST = i γ2γ0γ5. One has

S∗T = −i (γ2)∗(γ0)∗(γ5)∗ = i γ2γ0γ5 (3.132)

since γ0 and γ5 are real and γ2 is purely imaginary. In addition, (ST )−1∗ =
i γ5γ0γ2 because (γ2)2 = − , and (γ0)2 = (γ5)2 = + . We thus have to com-
pute

(ST )−1∗γ0∗S∗T = −γ5γ
0γ2γ0∗γ2γ0γ5

(3.128)
= −γ5γ

0γ0γ0γ5

= −γ5γ
0γ5

(3.130)
= γ0 (3.133)

And for the spatial components:

(ST )−1∗γk∗S∗T = −γ5γ
0γ2γk∗γ2γ0γ5

(3.128)
= −γ5γ

0γkγ0γ5

(3.129)
= +γ5γ

kγ5

(3.130)
= −γk (3.134)
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Note that one really needs the three matrices here: γ2 ‘undoes’ the complex
conjugation, γ0 flips the sign of the spatial components only, and γ5 arranges
for a global sign change.

So in short, time reversal on the level of the Dirac equation amounts to

T : Ψ′(t′,x′) = i γ2γ0γ5Ψ∗(−t′,x′) = −i
(

σ2 0
0 σ2

)
Ψ∗(−t′,x′) (3.135)

Note that applying this transformation twice gives a global minus sign.

Charge conjugation

The final transformation is charge conjugation. We require that the Dirac equa-
tion be covariant with respect to a flipped charge e "→ e′ = −e. To get the
covariant derivatives i∂µ − e′Aµ right, we need a complex conjugation. The
remaining transformation can be found as

C : Ψ′(t′,x′) = i γ2Ψ∗(t′,x′) = i
(

0 σ2

−σ2 0

)
Ψ∗(t′,x′) (3.136)

Indeed, the Dirac equation, after complex conjugation, yields

S−1∗
C γµ∗S∗C = −γµ (3.137)

which can be satisfied with SC = iγ2 because of Eq.(3.128) and S∗C = (SC)−1∗ =
iγ2.

Note that under charge conjugation, upper and lower spinors are getting
exchanged (and σ2 is applied). This transforms ‘particle-like’ solutions into
‘antiparticle-like’ solutions.

Dirac spinor transformation

Let us consider as an example a ‘particle-like’ plane wave solution and apply
the discrete transformations found so far.

Parity changes the sign of the spatial momentum (change sign of x and
apply γ0)

P : Ψ(x) =

 ψ0

σ · p
E + m

ψ0

 e−iEt+ip·x "→
 ψ0

−σ · p
E + m

ψ0

 e−iEt−ip·x (3.138)

Time reversal (flip sign of t, take complex conjugate and apply−iσ2 to both
spinor components)

T : Ψ(x) "→ −i

 σ2ψ∗0
σ2(σ∗ · p)

E + m
ψ∗0

 e−iEt−ip·x (3.139)

From the Pauli matrices, one has (exercise!) σ2(σ∗ · p) = −(σ · p)σ2 so that
this spinor is nearly identical to the spatial mirror image (3.138), up to a global
phase and the change ψ0 "→ σ2ψ∗0 . One can show (exercise!) that this flips

54



the sign of the spin quantum number. (This is compatible with the mapping
L "→ −L under time reversal.)

Charge conjugation:

C : Ψ(x) "→ i

 σ2(σ∗ · p)
E + m

ψ∗0
−σ2ψ∗0

 eiEt−ip·x = −i

 (σ · p)
E + m

σ2ψ
∗
0

σ2ψ∗0

 eiEt−ip·x

(3.140)
This is an antiparticle-like solution with flipped spin. Indeed, if we apply a
boost to (0,χ0)T e+imt, we get

Ψ(x) =
(

(σ · n) sh(β/2)χ0

ch(β/2)χ0

)
eim ch(β)t−imn sh(β)·x

which is the same as (3.140) up to a normalization, provided E = m chβ and
p = mn sh β. Note also that these are negative energy solutions at the energy
−E.

Exercise: the complete transformation CPT is just swapping the 2-spinors
ψ and χ.

3.6 Some notes on angular momentum

3.6.1 Angular momentum generates rotations
We have seen so far several objects that have commutation relations identical
to the angular momentum operator L,

[Li, Lj ] = iεijkLk. (3.141)

We shall see why this is so. The basic reason is that the different operators
(orbital angular momentum L, spin S or 1

2Σ, total angular momentum J =
L + 1

2Σ) are constructed to represent rotations.

Example: scalar field

Let us recall the transformation for a scalar field φ(x) under rotations, x′ = Rx:

φ′(x′) = φ(x) (3.142)

This means that at the points x and x′ that correspond to each other under a
rotation of the axes (they represent the same “Punkt an sich”), the fields φ and
φ′ have the same values. But they are not given by the same function, since
Eq.(3.142) can be re-written as

φ′(x′) = φ(R−1x′) or φ′ = φ ◦R−1 (3.143)

where ◦ denotes the concatenation (Hintereinanderausführung) of two functions.
Now consider an infinitesimal rotation. Checking carefully the sens of ro-

tation, one has for a small rotation angle θ around an axis n (see Exercises):

x′ = Rx ≈ x− θn× x (3.144)
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The inverse of this reads, to first order in θ:

x = R−1x′ ≈ x′ + θn× x′ (3.145)

Hence to compare the two functions φ′ and φ, we have to compute

φ′(x′) ≈ φ(x′ + θn× x′) ≈ φ(x′) + θ(n× x′) ·∇φ(x′) (3.146)

The differential operator here can be written in terms of the angular momen-
tum L′ = −ix′ × p′, and we get

φ′ ≈ φ + iθn · L′φ (3.147)

(We could have dropped the primes on the right-hand side everywhere by
working with the name x for the argument of the function.) This equation
expresses precisely what we mean by ‘generate a rotation’: for the scalar field,
the change of the corresponding mathematical function under a small rotation
of coordinates is requivalent to the application of the angular momentum op-
erator.

This observation can be promoted to a general principle: for any object, the
operator that occurs when the object transforms under a small rotation can be
identified with the corresponding angular momentum operator.

Example: Dirac spinor field

For the Dirac spinor, we have found the transformation (written in analogy to
Eq.(3.143)):

Ψ′ = S(R)Ψ ◦R−1 (3.148)

Now, we expand the right-hand side for a small rotation angle and get (recall
that the matrix Σ has sub-blocks of Pauli matrices σ on the diagonal)

S(R)Ψ(R−1x) ≈
(

+
i
2
θn ·Σ

)
(1 + iθn · L) Ψ(x)

≈
[

+ iθn ·
(
L +

1
2
Σ

)]
Ψ(x) (3.149)

Here we see that the total angular momentum operator

J = L +
1
2
Σ (3.150)

contains an ‘orbital part’ (L acts like a derivative on the coordinate depen-
dence) and an ‘intrinsic part’ (Σ acts as a matrix on the spinor components).
To be exact, one should write a unit matrix in the spinor coordinates with
the first term, but physicists usually forget about that notation. One important
observation: the operators L and Σ commute since they act on different vari-
ables of the wave function. From, it follows that if L and 1

2Σ fulfil the angular
momentum commutation relations, then their sum does that as well.

You have checked in the exercises that the ‘total angular momentum’ J com-
mutes with the (free) Dirac Hamiltonian, it is hence a conserved quantity. This
is to be expected since the free Dirac equation is invariant under rotations. It
is also true in a central potential, written in terms of (φ,A) = (V (r),0) with
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r = |x|, like in the case of the Hydrogen atom. The energy eigenvalues can in-
deed be found by looking for common eigenfunctions of the Hamiltonian and
the angular momentum operators J2 and J3. The corresponding eigenvalues
are commonly denoted j(j + 1) and mj , and different values of j are typically
not degenerate in the energy spectrum (see Fig.3.1).

Commutators are invariant

The fact that the different angular momentum operators are the ‘image’ of map-
ping S(R), resp., its linearization for infinitesimal rotations, has profound con-
sequences. This mapping from the group of rotations into another group of
matrices must be compatible with the multiplication of matrices. For example,
when we take two rotations R1 and R2, we can apply succesively the transfor-
mation rules for a scalar field,

φ′ = φ ◦R−1
1 ; φ′′ = φ′ ◦R−1

2 ; (3.151)

or we can directly construct, by taking the product of rotations

φ′′ = φ ◦ (R2R1)−1 (3.152)

Now, by virtue of (R2R1)−1 = R−1
1 R−1

2 , one arrives in this way actually at the
same function. A similar relation holds at the level of infinitesimal rotations.
As a consequence:

The commutation relations of any angular momentum operator are
the same as those for infinitesimal rotations, and these are those of
the ‘angular momentum algebra’.

The constants εijk that always appear when a commutator [Ji, Jj ] is
formed, are called in mathematics the ‘structure constants’ of the ‘algebra’ that
is spanned by the generators of the rotations.

3.6.2 Addition of angular momentum operators
This section is mainly intended as a reminder of the corresponding chapter
in Quantum Mechanics I. We adopt here the Dirac bra-ket notation and write
|m,ms〉 for the eigenvector of L3 and S3 with eigenvalues m and ms. If you
want to go back to the Dirac spinor, think of

Ψ(x) = Ylm(θ, ϕ)
(

ψs(r)
(· · · )

)
(3.153)

where the two-component spinor ψs can be chosen as eigenvector of the spin
operator σ, for example with eigenvalue ms = ±1/2 for 1

2σ3. The angular
dependence is carried by the spherical harmonic Ylm(θ, ϕ), eigenfunction to the
orbital angular momentum operators L2 and L3. This spinor can, of course,
depend on the radius. For example, one can try to find solutions to the free
Dirac equation with fixed total angular momentum quantum numbers j and
mj . Then, as we shall see, one needs linear combinations of spinor-valued
functions like in Eq.(3.153).
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We now continue in a slightly more abstract way. The operators L and S can
be any angular momentum operators. The operator J3 = L3 + S3 commutes
with L3, S3, and L2, S2. Hence the states m,ms are already eigenstates of J3

with eigenvalue m+ms. It remains to construct eigenstates of J2. This operator
does not commute with L3 and S3 (but with L2, S2).

The general result one gets is the following:

Addition of angular momenta.
The possible eigenvalues for J2 are j(j + 1) with j = l + s, . . . |l −
s|. For each value of j, one has the usual eigenvalues for mj =
−j, . . . j − 1, j. The eigenvectors |j mj〉 are linear combinations of
the |m,ms〉 such that mj = m + ms.

Let us fill in some details. The state |l, s〉 corresponds to mj = l+s, and this
eigenvalue for J3 can only occur when j = l + s. In fact, since one has

J2 = L2 + S2 + L3S3 +
1
4

(L+S− + L−S+) (3.154)

with the ladder operators L± = L1 ± iL2 and S±, this state is also eigenstate of
J2 with eigenvalue j(j + 1) = (l + s)(l + s + 1). We can thus write

|l, s〉 = |j = l + s,mj = l + s〉 (3.155)

We have thus found a first state to act on with the ladder operator J− = L− +
S−. This gives the state

|j = l + s,mj = l + s− 1〉 ∝ A|l − 1, s〉+ B|l, s− 1〉 (3.156)

where the coefficients A, B are known from the action of L− and S−. By itera-
tion, we thus form a set of basis states until |j = l + s,mj = −(l + s)〉.

Another state, orthogonal to |j = l + s,mj = l + s − 1〉 (and also eigen-
state of J2) can be found by forming a suitable linear combination of the two
basis vectors in Eq.(3.156). This state forms the starting point for the subrep-
resentation with j = l + s − 1 (if this number is non-negative). This scheme
goes on, with a new orthogonal vector found if the dimension of the space with
m + ms = const. permits. It turns out that j = |l − s| is the smallest value for j
that can be found in this way.

A graphical representation of this procedure is given in Fig.3.2.
The expansion coefficients of the eigenstates of J2 and J3 in the tensor prod-

uct basis have a name on their own: the ‘Clebsch-Gordan coefficients’. They
are often written in the suggestive form

|j, mj〉 =
∑

m,ms

|m,ms〉 〈l,m, s,ms|j, mj〉 (3.157)

where the quantum numbers l, s, j are written explicitly.
One can check that this construction is consistent from the viewpoint of di-

mensions: the total angular momentum J acts on a ‘tensor product’ Hilbert
space with dimension (2s + 1)(2l + 1) (for each Ylm, there are 2s + 1 spin com-
ponents/possible eigenvectors). Now, in terms of the eigenvectors of J2 and
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!"s$2
Figure 3.2: Addition of an angular momentum l = 2 and s = 1/2. The dots
represent the basis vectors |m,ms〉 in the so-called ‘uncoupled basis’. The top
left can be identified with an eigenvector |l+s〉 of J3, with eigenvalue mj = l+s.
Acting on this vector with the ladder operator J− = L− + S−, one gets the
eigenvectors |l + s− 1〉, . . . |− (l + s)〉, while j = l + s is unchanged. A second,
orthogonal vector with the same value for mj = l + s − 1 can be found in the
second diagonal and serves as a starting point for the ladder of eigenvectors
with j = l + s− 1.

J3, the dimensions of the eigenspaces for the different values of j add up to the
same numbers

(2s + 1)(2l + 1) =
l+s∑

j=|l−s|
(2j + 1) (3.158)

as can be easily checked.

3.6.3 Generators of the Lorentz group
As a last illustration, let us have a look how the angular momentum opera-
tors are generalized when we allow for Lorentz transformations. Recall that
a Lorentz transformation, dx′µ = Λµ

νdxν leaves invariant the Minkowski dis-
tance (the travel time needed for light pulses)

ds2 = gµνdxµdxν (3.159)

Hence, we find the following condition for the Lorentz matrices

Λµ
νΛκ

λgµκ = gνλ (3.160)

Let us focus on an infinitesimal transformation,

Λµ
ν = δµ

ν + θωµ
ν (3.161)

where θ is a small parameter (rotation angle or relative velocity/c). Eq.(3.160),
expanded to first order in θ, gives

θ (ωµ
νgµλ + gνκωκ

λ) = 0 (3.162)

Now, the objects occurring here can be read as doubly covariant tensors with
both indices at the bottom, ωµν := gµκωκ

ν , and indeed, we have

θ (ωλν + ωνλ) = 0 (3.163)
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hence these matrices are antisymmetric. As a test, you are invited to write
down Λµν for a Lorentz boost. It reduces indeed, for small v/c to the metric
gµν and the first correction is antisymmetric. For rotation matrices, it is easy to
show from RT R = that the generators J , R = +iθJ must be antisymmetric
as well.

There are six possibilities5 to find antisymmetric matrices ωµν . We can eas-
ily identify them with three rotations and three boosts.
Rotation around axis n: ω0k = 0 and ωkl = nmεkml.
Boost along axis n: ω0k = nk = −ωk0, ωkl = 0.

One can construct the action on scalar fields in this way: one finds three
differential operators identical to the orbital angular momentum, and three
others that mix time and space derivatives (for boosts).

For spinor fields, one also needs an ‘intrinsic angular momentum’ to trans-
form the spinor components. Rotations correspond to

J =
i
4
nmεjmk

[
γj , γk

]
the spin operator that you have already found, and

J =
i
4
nk

[
γ0, γk

]
This matrix is actually proportional to nkαk, the generator of the spinor trans-
formation we have found above.

Covariant expression for the spin

Finally, a covariant expression for the spin can be found from the following
algebraic properties: the spin S is related to the eigenvalue of the following
operator6

WµWµ ⇒ −m2S(S + 1) (3.164)
that can be shown to commute with the generators of the Lorentz group. Ac-
tually, one works with the so-called Lorentz-Poincaré group that also contains
spatial and temporal displacement. The generators for displacements are the
derivatives ∂µ or equivalently, the momentum operator pµ. Its covariant square
plays the role of eigenvalue for the mass

pµpµ ⇒ m2 (3.165)

a condition that we know as the dispersion relation of the relativistic particle.
Finally, the operator Wµ in Eq.(3.164) is defined as a generalized rotation

that leaves the momentum vector pµ invariant (see the book by Itzykson &
Zuber on quantum field theory)

Wµ = −1
2
εµνκλSνκpλ (3.166)

where Sνκ is the operator that generates the transformation of the field un-
der Lorentz transformation (it is anti-symmetric in νκ) and pλ the generator of
translations. And εµνκλ is the totally antisymmetric tensor with four indices
and ε0123 = 1.

5One starts with 16 = 4 × 4, eliminates the diagonal elements, 12 and arrives at 12/2 because
of the antisymmetry.

6The notation⇒ indicates the possible eigenvalues for this operator.
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Chapter 4

Extra: symmetries and groups

Dieses Kapitel enthält Information, die über den Stoff der Vorlesung im SS’07 hin-
ausgeht.

4.1 Definition
definition of symmetry operation: probabilities are invariant.

check that this is true for charge conjugated spinor: maps onto complex
conjugate probability amplitudes.

Wigner’s theorem: either linear unitary or antilinear unitary, determined
up to a phase factor.

‘anti-linear operation’

K (α|0〉+ β|1〉) = α∗K|0〉+ β∗K|1〉
examples: time reversal, charge conjugation.

Symmetry group: set of symmetry operations. Is closed under composi-
tion/concatenation (hintereinander ausführen).

Definition of a group.

Discrete groups Examples: P, T, C because C C is up to phase. Together,
they span a group with 8 elements.

4.2 Continuous symmetry groups

4.2.1 Examples
rotations SO(d), geometrical definition (scalar product invariant). RT R =
and det(R) = +1.

Dimension of this group: 1
2d(d − 1). RT R = is a symmetric matrix equa-

tion.
complex ‘rotations’: SU(n), complex scalar product invariant. U†U = and

detU = +1.
Dimension: n2 − 1. U†U = is a hermitean matrix equation, and fixes only

|detU | = 1.
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4.2.2 Generators
one-parameter subgroup. convenient parametrization R(θ1)R(θ2) = R(θ1+θ2)
with modulo addition if required.

generator of this subgroup, infinitesimal operation. R(θ) = exp(θL) with

L =
dR(0)

dθ
(4.1)

generator L

4.2.3 Lie algebra
commutator and structure constants: R(θ1, . . .), generators Li.

Multiplication of group elements: addition in Lie algebra.
Only structure where multiplication of group elements occurs (vanishing

linear order)

R−1
1 R−1

2 R1R2 ≈ + θ1θ2 [L1, L2]
!= +

∑
k

αk(θ1, θ2)Lk (4.2)

use that all generators span the (tangent space at the unit element of the) group.
Coefficients αk can be zero, then L1 and L2 commute (the corresponding sub-
groups also). In general case:

[Li, Lj ] =
∑

l

fijkLk, fijk =
∂2αk

∂θi∂θj
(4.3)

Exercise: rotation group SO(3):

fijk = εijk, (Li)kl = −εikl (4.4)

up to signs.

4.2.4 Group representation
Rotation group in quantum mechanics: group representation. For each rotation
R, there exists a unitary (or anti-unitary) symmetry operator S(R). The S(R)
form a group. Convenient to choose the mapping S as compatible with group
products:

S(R1)S(R2) = eiϕ(R1,R2)S(R1R2) (4.5)

phase factor eiϕ(R1,R2) as allowed by Wigner’s theorem. Mathematical struc-
ture: homomorphism between groups, (projective) group representation. Al-
ways comes with a vector space H containing the ψ on which the S(R) act.

Continuous group: from (4.5), S( ) acts up to a phase factor like the iden-
tity on S(R2). Remove this phase by redefinition and get S( ) = . (Note: unit
matrices on different spaces.) In particular, this is a linear and unitary opera-
tor. By continuity, S(R) is unitary. (Anti-linear operators can only occur in a
finite/discrete group.)

Definition if S(R) unitary: Eq.(4.5) defines a (projective) unitary represen-
tation of the rotation group. In many cases, one can choose unitary matrices in
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the group SU(n), and then the phase factor eiϕ(R1,R2) = 1. This corresponds to
a unitary (not projective) representation.

Example: scalar wave function

S(R)ψ := ψ ◦R−1, explicitly: [S(R)ψ](x′) := ψ(R−1x′) (4.6)

identical to the transformation of a ‘scalar field’. Before, we had the notation
x′ = Rx and ψ′(x′) = ψ(x) = ψ(R−1x′). For complex-valued ψ, this is a
unitary representation. Check that the norm of ψ is unchanged: interpret in
terms of the L2-norm:

‖ψ′‖2 =
∫

dx′|ψ′(x′)|2

=
∫

dx′|ψ(R−1x′)|2 substitute y = R−1x′

=
∫

dy|det R||ψ(y)|2 (4.7)

Now, |detR| = 1 for a rotation matrix, hence this is equal to ‖ψ‖2.
Example: trivial representation S(R) = 1 for all R.
Example: vector field A(x)

S(R)ψ := RA ◦R−1, explicitly: [S(R)A](x′) := RA(R−1x′) (4.8)

Example: on the space of 3× 3 matrices A,

S(R)A = RAR−1 (4.9)

equivalent to the transformation for a linear vector field A(x) = Ax or more
generally for a ‘tensor of rank two’: S(R)A gives the components of the tensor
in a rotated basis.

All these: ‘real representations’.
Example: spinor wave function Ψ(x),

S(R)Ψ = SRΨ ◦R−1, explicitly: [S(R)Ψ](x′) := SRΨ(R−1x′) (4.10)

with SR the spinor transformation matrix; for the Dirac equation this is a uni-
tary one.

Generators of group representation: take the image of a one-parameter sub-
group

S(θ) := S(R(θ)) (4.11)

for small θ, this gives S ≈ + iθJ with a generator J in the Lie algebra of the
representation. Convention with i: J hermitean iff S unitary. Hence as in the
SO(d) case, only the derivative near the unit element is needed

iJ =
dS

dθ

∣∣∣∣
θ=0

to generate the subgroup: S(θ) = exp(iθJ).
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The same commutation relations apply. As for the Lie algebra of the group
itself, work out

S(R−1
1 R−1

2 R1R2) = S(R−1
1 )S(R−1

2 )S(R1)S(R2) (4.12)

Left hand side gives image of one-parameter subgroup generated by f12kLk

with small parameter θ1θ2, hence iθ1θ2f12kJk. Right hand side gives commu-
tator θ1θ2 [iJ1, iJ2], hence

i [J1, J2] = f12kJk (4.13)

hence the same structure constants as the original group. Brings restrictions
for the possible ‘representation spaces’ and possible unitary matrices that are
allowed in S(R).

Remark: commutator i[Jk, Jl] is natural product in Lie algebra of SU(n): it
is hermitean and of trace zero (in the finite-dimensional case).

The spin of a field or particle

The spin of a particle is defined in terms of the ‘transformation properties’
of its ‘wave function’ under rotations. For example, the Klein-Gordon wave
function does not change under a Lorentz transformation, nor under a rotation
(a subgroup of the Lorentz group), ψ′(x′) = ψ(x). This corresponds to a ‘scalar’
or ‘spin 0’ particle.

For an arbitrary field Ψ, considerations similar to those we followed for the
Dirac field, lead to a transformation of the form

Ψ′(x′) = S(R)Ψ(x) (4.14)

where S(R) is a possibly complex matrix that corresponds to the rotation ma-
trix. Now, the generators of this transformation, Jx, Jy , Jz (for infinitesimal
rotations around the x, y, z axis) behave like an angular momentum opera-
tors (3.141):

[Jk, Jl] = iεklmJm (4.15)

This can be shown from the following requirement:1

S(R1)S(R2) = S(R1R2) eiϕ(R1R2) (4.16)

that translates the fact that rotations (and Lorentz transformations) form a
group and can be concatenated. The corresponding field transformations
should be compatible with this group structure. The mapping S : R "→ S(R) is
a ‘group homomorphism’ and the transformation matrices S provide a ‘repre-
sentation’ of the rotation group. (More details in Chapter 4.)

Now, the commutation relations (4.15) provide constraints on the possible
matrices that can be used for the generators Jk. In the quantum mechanics
lecture I, you have seen that J2 := J2

x + J2
y + J2

z commutes with all of the
Jk’s and that its eigenvalues are of the form j(j + 1) (when h̄ = 1). For a
given particle, there is a specific value for j that occurs here. The possible
values are j = 0, 1

2 , 1, 3
2 , . . . and the dimension of the matrix/the generators is

(2j + 1) × (2j + 1). The corresponding ‘wave functions’ on which the spinor
transformations act, also have (2j +1) entries. The corresponding basis vectors

1There are cases where the phase ϕ(R1R2) vanishes.
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can be identified with eigenvectors of the spin operator Jz with eigenvalues
−j,−j + 1, . . . , j.

In the case j = 0, the S reduce to c-numbers and excluding global phases,
the field does not change under a rotation (scalar field). The case j = 1/2
(spin 1/2) corresponds to spinors with two components, ‘spin up’ and ‘spin
down’. The transformation matrices are generated by the Pauli matrices. The
case j = 1 is related to the ‘trivial choice’ S = R with 3 × 3 matrices. These
wave functions are the familiar vector fields you know from electrodynamics.

The fact that the Dirac spinor has four and not two components arises be-
cause we also require Lorentz invariance. The group of Lorentz transforma-
tions has a structure different from the rotation group (it contains twice as
much subgroups or generators as the rotation group). We shall see this in a
second when we construct the transformation under a ‘boost’ (special Lorentz
transformation).

4.3 (Ir)reducible representations of the rotation
group

Idea: break up ‘large’ matrices S(R) into smaller ones.
Example: Dirac spinor transformation under rotation.
Example: the rotation subgroup of the Lorentz group S(R) = ⊕R, acting

on Minkowski four-vectors.

⊕R :=
(

1 0T

0 R

)
(4.17)

Expand scalar wave function in eigenfunctions of the spherical harmonics
Ylm(θ, ϕ) with orbital angular momentum quantum numbers l,m. The quan-
tum number l of the basis functions does not change by rotation. The action of
the rotation group thus breaks up in separate subspaces of dimension 2l + 1.

All these examples: group is represented by block-diagonal unitary matri-
ces in suitable basis. Block-diagonal matrices are examples of a “direct sum”
A⊕B of two operators. One constructs the underlying vector space by joining
two basis sets for HA and HB . In the matrix for the direct sum,

A⊕B =
(

A 0
0 B

)
(4.18)

On the “first half” (upper components of the vector), the operator A acts, on
the second half, the operator B acts. If we use the suggestive notation a + b for
for a vector in HA⊕B , we have

(A⊕B)(a + b) = Aa + Bb

which makes perfectly transparent that we simply add the actions of A and B.

4.3.1 All representations
The concept of ‘breaking up’ a representation is very useful because one can
work in a small subspace of the original Hilbert space. This has been used, for
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example, for a rotationally symmetric Hamilton operator where the eigenfunc-
tions could be found in the smaller subspace of a fixed quantum number for
the angular momentum operator L2.

We recall from the QM lecture the following fundamental property that de-
rives from the commutation relations (4.13) for the unitary matrices that repre-
sent the rotation group:

For each n = 2j+1 ≥ 0, there exists a vector space of dimension n spanned
by the vectors |m〉, m = −j, ..., j − 1, j that transform into each other by
action of the generators Jx, Jy , Jz . The generators have a simple band-
diagonal form: Jz is diagonal, and J± = Jx ± iJy have entries on the
diagonal just above or below the central diagonal. The rotation group is
thus represented by n × n dimensional unitary matrices that are gener-
ated by the subgroups exp[iθn · J]. We shall call this representation in the
following the “(j, m)-representation”.

One can show the following two theorems:

Theorem. Any irreducible, finite-dimensional representations of the rota-
tion group SO(3) is equivalent to a (j, m)-representation for some value of
j = 0, 1

2 , 1, ....

Theorem. Any unitary, finite-dimensional representation of the rotation
group can be decomposed into a direct sum of some of the (j, m)-
representations.

We are not going to demonstrate these theorems in detail. Even in some of
the advanced physics books, there are some points that are left open, and there
is not the time here to fill all the gaps.

Equivalence of representations

The word ‘equivalent’ in the previous theorem has the following meaning: two
representations S(R) and S′(R) are called equivalent if a non-singular matrix
T exists with the property that

S′(R) = T−1S(R)T (4.19)

for all R ∈ SO(3).
As an alternative formulation, we can write

S′(R)Tψ = TS(R)ψ, for all R and all ψ (4.20)

Now, this looks just like a change of basis for the Hilbert space: instead of the
components ψ, one works with Tψ. Compare to Eq.(4.9) for rotation acting on
a matrix. So, the equivalent representation S′ is ‘essentially the same’ repre-
sentation as S.

A representation whose matrices can be brought in block-diagonal form
(for all group elements!) by a change of basis is called reducible. It is then pos-
sible to restrict the underlying vector space to the upper basis vectors: on this
subspace, the upper block of the representation matrices gives a well-defined
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representation with a smaller dimension. Such a sub-space is called an invari-
ant subspace K: if ψ ∈ K, then S(R)ψ ∈ K for all group elements S(R) applied
to it.

This leads us the concept of an irreducible representation. This is a represen-
tation where all invariant subspaces are ‘trivial’ (they are either the full space
H or the space {0} spanned by the null vector 0.

The second of the previous theorems shows that any unitary representation
is either irreducible or completely reducible.

Two nice observations that help in proving these results are the following:

1. if T is a linear operator that satisfies Eq.(4.20), then its kernel ker T =
{ψ ∈ H|Tψ = 0} and its image TH are invariant subspaces for the repre-
sentations S and S′, respectively.

2. if K is an invariant subspace of a unitary representation, then its orthog-
onal complement K⊥ = {ψ ∈ H|〈ψ|χ〉 = 0 for all χ ∈ K} is invariant as
well.

4.3.2 Application: addition of angular momenta
To illustrate the power of these concepts, let us consider the eigenvalue prob-
lem for the angular momentum in the Dirac equation: we have seen that the
total angular momentum operator is given by

J = L + S = L +
1
2

(
σ 0
0 σ

)
,

which is the sum of the ‘orbital’ angular momentum and the ‘intrinsic’ (or
spin) angular momentum. Again, this operator generates the rotation of the
spinor wave function. Recall that under a rotation, the spinor wave function is
changed to

Ψ(r) "→ S(R)Ψ(R−1r) (4.21)

This can be written in the form

S(R)Ψ(R−1r) = exp(iθn · S) exp(iθn · L)Ψ(r) (4.22)

where the operator involving S acts only on the spinor components while L
only acts on the spatial coordinates.

For an infinitesimal rotation, θ → 0, and we can check that the generator of
the spatial rotation is the usual orbital angular momentum:

Ψ(R−1r) ≈ Ψ(r + n× rθ +O(θ2))
≈ Ψ(r) + θ(n× r) ·∇Ψ(r)
= Ψ(r) + iθn · (r× p)Ψ(r) (4.23)

We have used the explicit form of an infinitesimal rotation around an axis n,
made a Taylor expansion of the wave function and re-wrote the ∇-operator in
terms of the momentum operator.

Combining this with the infinitesimal rotation of the spinor components,
we find that the total angular momentum generates the rotation of the spinor

67



wave function:

S(R)Ψ(R−1r) = ( + iθn · S) (1 + iθn · L) Ψ(r)
≈ [ + iθn · (L + S)]Ψ(r) (4.24)

The conservation of J thus translates the fact that the Hamilton operator is
covariant with respect to rotations.

Tensor product of group representations

We now observe that this kind of transformation corresponds to a tensor prod-
uct of two group representations. This ‘product’ corresponds, on the level of
matrix elements, to the product of matrix elements from the two representation
matrices.

Let us first restrict to a subspace labelled with quantum numbers (l,m) for
the spatial coordinate:

Ψα(r) =
∑
m

cmα(r)Ylm(θ, ϕ) (4.25)

where the Ylm are the spherical harmonics (eigenfunctions of Lz and of L2).
They have the property that under rotations, they are transformed into linear
combinations of different m’s, but the quantum number l is unchanged.2

The index α in Eq.(4.25) labels the spinor components. The full spinor rota-
tion (4.22) now gives[

S(R)Ψ(R−1r)
]
β

= Sβα(R) exp(iθn · L)Ψα(r)

= Sβα(R) exp(iθn · L)
∑
m

cmα(r)Ylm

= Sβα(R)
∑
m

cmα(r)
∑
m′

Dm′mYlm′ (4.26)

we have written matrix components Dm′m(R) for the image of the spherical
harmonic Ylm, expanded in the basis of the Ylm′ .

Eq.(4.26) is a linear combination of basis functions, as in Eq.(4.25). The co-
efficients of the transformed spinor wave function, c′m′β can be read off as

c′m′β = Sβα(R)Dm′m(R)cmα (4.27)

This product of matrix elements can also be understood as the matrix element
Um′β,mα, introducing a ‘double index’ mα to label the basis vectors (for each
Ylm, there are two possible spin eigenvectors, labelled by α).

We have already seen that the spinor transformation corresponds to a rep-
resentation of the rotation group. For spinor wave functions, we now realize
that this representation is of the form of a tensor product of spin and orbital
representations.

The key question is now: what are the irreducible blocks into which the Um′β,mα

matrices can be reduced? We know from the theorems for group representations
2The subspace of wave functions spanned by the set of basis vectors Ylm is called an ‘invariant

subspace’ with respect to rotations.

68



(Sec.4.3.1) that each block corresponds to a representation of the (j, m)-type. In
addition, rotations in this block are generated by the total angular momentum
J, and therefore, the quantum number j corresponds to the possible values of
J2 = j(j + 1). The irreducible blocks that we are looking for thus give us also
the answer to the question: given the spin and orbital angular momentum quantum
numbers s, l, what are the possible eigenvalues j for the sum of these two angular
momentum operators?

The answer is the following:

In the tensor product representation generated by an orbital angular mo-
mentum with quantum number l and a spin angular momentum s, the
possible values for the total angular momentum are j = |l−s|, . . . l+s and
each value occurs exactly once.

One can check that this is consistent from the viewpoint of dimensions: the
tensor product matrix Um′β,mα acts on a ‘tensor product’ Hilbert space with di-
mension (2s+1)(2l+1) (for each Ylm, there are 2s+1 spin components/possible
eigenvectors). For the block-diagonal form, one can see that the dimensions of
the invariant subspaces just add up to the total dimension so that and one has

(2s + 1)(2l + 1) =
l+s∑

j=|l−s|
(2j + 1) (4.28)

For the construction of the (j, m) subrepresentions in the tensor product
space, details can be found in the textbooks. We have sketched the idea in
Section 3.6.2, and continue with a group-theoretical argument below.

Group theory argument

Different approach, more elegant.
Definition character of a representation

χU (R) = trU(R) (4.29)

mapping from the group G into . Depends on the unitary matrices U(R).

Key Theorem: the character of any representation of the rotation group
depends only on the rotation angle θ and can be expanded in a unique
way:

χU (θ) =
∑

j

ajχj(θ) (4.30)

where χj is the character for a (j, m)-representation with coefficients

aj =
2π∫
0

dθ

2π
sin2(θ/2)χj(θ)χU (θ) (4.31)

The coefficients aj are non-negative integers and ‘count’ how often the
(j, m) representation occurs as sub-representation in the block-diagonal
form of U .
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Elements of a proof.
(1) The character only depends on the rotation angle.

For any rotation R(n, θ), one can find a rotation matrix that maps the rotation
axis n onto the z-axis, hence

R(n, θ) = T−1
n R(ez, θ)Tn (4.32)

This is true because Tn just corresponds to a change of basis, and ‘without loss
of generality’, one can choose another basis where the rotation axis coincides
with the z-axis. Or: work it out with T some rotation matrix, starting from an
explicit representation of R(n, θ). This gives a rotation around the ‘turned axis’
R(Tn, θ). Hence with a suitable choice of T , the turned axis points along the
z-axis.

Finally, from the properties of the trace,

tr
(
T−1R(ez, θ)T

)
= tr

(
TT−1R(ez, θ)

)
= trR(ez, θ)

the character is unchanged by the basis change and does not depend on n. And
by the group homomorphism property, this translates to the unitary matrices
U(R) as well.

(2) The character for the (j,m)-representations are orthogonal and one can
expand any character in this basis.
Consider the unitary matrix for a rotation around the z-axis:

Dmm′(θ, ez) =


eijθ 0

0
. . .

eimθ

. . . 0
0 e−ijθ

 (4.33)

This form directly follows from Dmm′(θ, ez) = exp(iθJ3) with the diagonal
matrix J3 in the |j, m〉 basis. Hence, taking the trace:

χj(θ) =
j∑

m=−j

eimθ =
sin[(j + 1

2 )θ]
sin(θ/2)

(4.34)

after summation of the geometric series.
(3) Now, the functions sin[(j + 1

2 )θ] are a Fourier basis for odd functions of
θ that are periodic with period 4π. Hence, with the weight sin2(θ/2) given in
Eq.(4.31), the characters χj(θ) are orthogonal. Conversely, Eqs.(4.30, 4.31) give
the Fourier expansion of a character χU (θ).

That any character is even in θ, follows from the fact that the rotation
R(n,−θ) is the same as R(−n, θ), and applying Eq.(4.32). That it must be pe-
riodic with period 4π can be seen for the (j, m)-characters (4.34). A period of
2π is obvious for integer j because here the wavefunctions must be periodic in
the azimuthal angle ϕ. A rotation of 4π is needed to remove a factor −1 for
a half-integer angular momentum: this is characteristic for spin-1/2 particles,
for example.

(4) The character for a representation does not change when the representa-
tion is brought into block-diagonal form (this is an equivalent representation,
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T−1UT that has the same trace). In addition, the character/trace of a block-
diagonal matrix is the sum of the characters/traces of the sub-blocks. Hence
from our basic theorem, in the expansion (4.30) only χj ’s can appear, and the
coefficients aj count how often. These coefficients also must be integers be-
cause for θ = 0, χU (0) is the dimension of the representation that is the sum of
the dimensions of its sub-representations.

Application: angular momentum addition. Let us apply this theorem to the
tensor product representation generated by L and S with quantum numbers l
and s. The unitary matrices of the tensor product have the following trace

tr (Umα,m′β) =
∑
mα

Umα,mα

=
∑
mα

SααDmm

=
∑
α

Sαα

∑
m

Dmm

= tr(S)tr(D) (4.35)

hence the character χU (θ) is here the product of χl(θ) and χs(θ).
The expansion coefficients are thus given by the integral (4.31)

aj =
2π∫
0

dθ

2π
χj(θ) sin[(l + 1

2 )θ] sin[(s + 1
2 )θ]

=
2π∫
0

dθ

2π

1
2

[cos[(l + s + 1)θ]− cos[(l − s)θ]]
j∑

m=−j

eimθ (4.36)

Now these kind of integrals give a nonzero result only of the ‘frequency’ m of
the exponentials match the frequencies ±(l − s) and ±(l + s + 1) of the cosine
functions. Hence, the integral is zero if j < |l− s|. It is also zero if j ≥ l + s + 1
because in that case two terms in the sum over m are nonzero, but they occur
with opposite sign (note the minus sign between the cosines).

Hence, one finds the allowed values for the total angular momentum quan-
tum number j:

aj = 1 forj = |l − s|, . . . l + s (4.37)

and in agreement with the result announced above, each value occurs exactly
once in the reduction of the representation.

4.4 Miscellaneous
Remark. For the rotation group, there is a unitary representation in SU(2) with the
property

(RT x) · σ = x · S†(R)σS(R) (4.38)
for all 3D vectors x and the ‘vector of Pauli matrices’ σ. We have seen in the lecture
that for a rotation angle θ and an axis n,

S(R) = exp[i(σ · n)θ/2] (4.39)
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so that the Pauli matrices σ/2 are the generators of this representation.3 In a pre-
vious exercise (spin coupling to a magnetic field), you have in fact checked this
relation, both globally and infinitesimally.
It is quite involved to show that the so-defined S(R) is actually a group homomor-
phism because one has to identify how rotations defined by n, θ multiply. Con-
versely, Eq.(4.38) can be used to define a matrix R for a given SU(2) matrix S. Note
that S and −S are mapped onto the same rotation matrix. This sign ambiguity is
typical for the two-component spinors for a spin 1/2 particle. In the exercises, you
show that the so-defined R is an orthogonal matrix (keeps |x| invariant) and that
it preserves the handedness (its determinant is +1). In addition, the composition is
compatible with the multiplication (composition) in the rotation group.

3The construction (4.38) only works because the ‘spatial vector’ x has three (real) components
and there are three generators for SU(2) (and for SO(3)). For the four-dimensional Minkowski
space-time, something different had to be done because there are six generators for the Lorentz
group (rotations and boosts).
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