
Chapter 5

Field Quantization

General idea of field quantization: promote field amplitudes to operators on
suitable Hilbert space. For the Schrödinger field: ‘second quantization’. For
the Maxwell field: ‘first quantization’.

Hierarchy of theories

Classical mechanics Wave mechanics Quantum field theory
point particles wave function wave/field operator
classical path matter waves particle creation/annihilation
Geometrical optics wave optics photons

Table 5.1:

Reminder: harmonic oscillator, two degrees of freedom
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p2
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2m
+
K

2
q2a +

p2
b

2m
+
K

2
q2b (5.1)

eigenfrequencies ωa = ωb =
√

K/m. Quantization in terms of creation and
annihilation operators:

qa =

√

h̄

2mωa

(

a+ a†
)

, pa = −i

√

h̄mωa

2

(

a− a†
)

(5.2)

a =

√

mωa

2h̄

(

qa +
i

mωa
pa

)

, a =

√

mωa

2h̄

(

qa − i

mωa
pa

)

(5.3)

and b, b† for qb, pb. Commutation relations
[

a, a†
]

= 1,
[

b, b†
]

= 1 (5.4)

all others are zero.
‘Number operator’ a†a counts excitations. In quantum field theory, an ex-

citation is interpreted as a particle, and a†a counts particles with quantum
numbers (mode function, spin etc.) specific to the oscillator of type ‘a’. In
other words: a ‘particle’ is an excitation of a ‘normal mode’ of a field that be-
haves like a harmonic oscillator. The operators a† and a implement the cre-
ation/annihilation of this particle.
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5.1 Basics: phonons

This is a simple model from classical mechanics to start with. We avoid techni-
cal complications and work with a system made up of discrete oscillators and
of finite size. The basic observation that we are going to make: the ‘small am-
plitude vibrations’ of classical mechanics become the ‘modes’ of a ‘field’ whose
dispersion relation is similar to that of a relativistic particle.

5.1.1 Hamiltonian

Hamiltonian:

H =
∑

n

p(xn)2

2m
+
∑

n

K

2
[q(xn + a) − q(xn)]

2
+
∑

n

mΩ2

2
q(xn)2 (5.5)

Here, the oscillator displacement is q(xn), its equilibrium position is xn. The
conjugate momentum is p(xn). The first term in (5.5) is the kinetic energy,
the second the potential energy from the restoring force to equilibrium (spring
constant mΩ2), and the third the potential energy from linear coupling to the
neighboring oscillator, with spring constant K. The oscillators are separated
by the discrete lattice vector a – this is a one-dimensional chain. The sum runs
over N oscillators in total. We take periodic boundary conditions: q(xn+N ) =
q(xn +Na) = q(xn).

In classical mechanics, qn ≡ q(xn) and pn′ are canonically conjugate. This
means that the Poisson brackets are {qn, pn′} = δnn′ .

We promote this to a quantized theory by a recipe called ‘canonical quanti-
zation’: replace Poisson brackets by commutators. In other words: we promote
coordinates and conjugate momenta to operators that do not commute:

[qn, pn′ ] = ih̄δnn′ , [qn, qn′ ] = 0, (5.6)

of course, the momenta commute also with themselves.
The time evolution of observables follows in the quantized theory from the

Heisenberg equations, for example:

dqn
dt

=
i

h̄
[H, qn] (5.7)

with Hamilton operatorH obtained from (5.5) written with operators. In classi-
cal mechanics, we have the same equation written in terms of Poisson brackets.

5.1.2 Mode expansion

The system is periodic, therefore it is useful to make a Fourier expansion:

q(x) =
∑

k∈BZ

q̃(k)eikx, q̃(k) =
1

N

∑

n

q(xn)e−ikxn (5.8)

and similarly for p(xn). The discrete wave vectors k run from −π/a to π/a in
steps of 2π/L where L = Na is the length of the chain. These points make
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up the ‘Brillouin zone’ BZ. Since the operator q is hermitean, one must have
q̃(−k) = q̃†(k). The commutation relations become

[

q̃(k), p̃†(k′)
]

=
ih̄

N2

∑

n

ei(k−k′)xn (5.9)

Now for discretized wave vectors in the first Brillouin zone, −π/a < k ≤ π/a,
this sum of exponentials is nonzero only if k − k′ = 0 mod 2π/a. In addition,
the difference of k-vectors is limited to |k− k′| ≤ 2π(N − 1)/N . Hence only for
k = k′, the sum gives a nonzero result (which is trivially equal to N ). So we
have

[

q̃(k), p̃†(k′)
]

=
ih̄

N
δkk′ (5.10)

with a Kronecker for the discrete wavenumbers.
A similar calculation gives for the Hamiltonian (see Exercise)

H = N
∑

k∈BZ

1

2m
p̃†(k)p̃(k) +N

∑

k

(

mΩ2

2
+K(1− cos ka)

)

q̃†(k)q̃(k) (5.11)

The key observation is that this is a sum of independent oscillators: one for
each value of k. In classical terms: we have found the ‘normal modes’ of the
system. But these modes provide also one basic recipe for field quantization:
find the ‘modes’ that bring the Hamiltonian into a diagonal form1 and promote
the amplitudes of these modes to operators.

We note that the frequency for a mode with wavenumber k is given by

ω2
k = Ω2 +

2K

m
(1 − cos ka) ≈ Ω2 + c2k2 (5.12)

In the last line, we have introduced the large-wavelength limit ka � 1 and
expanded the cosine. This looks like the dispersion relation for a particle with
rest mass Ω, with the speed of light being replaced by the ‘speed of sound’
c2 = Ka2/m. This is indeed the speed of long-wavelength oscillations that
propagate on the chain. In the limit Ω → 0, one gets the linear dispersion
ωk = c|k| similar to light waves or sound waves.

5.1.3 Quantization

For each k, we have a harmonic oscillator and quantize in terms of the creation
and annihilation operators

ak =

√

Nmωk

2h̄

[

q̃(k) +
i

mωk
p̃(k)

]

, a†k =

√

Nmωk

2h̄

[

q̃†(k) − i

mωk
p̃†(k)

]

.

(5.13)
One can check that the commutation relations are indeed those for independent
oscillators

[

ak, a
†
k′

]

= δkk′ (5.14)

Hamiltonian (5.11) becomes

H =
∑

k∈BZ

h̄ωk

2

(

a†kak + aka
†
k

)

=
∑

k

h̄ωk

(

a†kak + 1
2

)

(5.15)

1This could have been done at the classical level, of course.
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which is the usual form for the energy of a collection of independent oscillators.
This kind of result one always gets when a field is quantized. The real benefit
of the quantization procedure is the following ‘mode expansion’ of the particle
displacement that is now operator-valued:

q(x, t) =
∑

k∈BZ

√

h̄

2mωkN

(

ak(t)eikx + a†k(t)e−ikxn

)

(5.16)

The t-dependence of the annihilation and creation operators is simple: multi-
ply with e±iωkt.

We now discuss some applications. The physics behind this result is related
to ‘phonons’. These quasiparticles correspond to the excitations of the normal
modes we just found. A typical stationary state of the system is specified by
a set of occupation numbers {nk}, one for each plane-wave mode k ∈ BZ. In
this state, one says that a number nk of phonons make up the excitation of the
mode k. There is no contradiction in having many phonons exciting a given
mode: phonons are ‘bosons’ that are not subject to Pauli’s exclusion principle.

5.1.4 Applications

Zero-point oscillations

The ground state of the quantized oscillator chain is characterized by the equa-
tions ak|vac〉 = 0. Equivalently, nk = 0 for all normal modes k. The mean value
of the displacement in the ground state is zero:

〈q(x)〉vac =
∑

k∈BZ

(· · · )〈ak〉vac (5.17)

because 〈ak〉vac = 0 in the ground state (in any stationary state, in fact).
But the variance of q(x) is not zero: this is related to the zero-point fluc-

tuations of each phonon mode being a quantized harmonic oscillator. These
zero-point oscillations can be detected with scattering experiments. We single
out artificially one oscillator from the chain and compute the amplitude for a
scattered wave with a wave vector transfer p:

〈eipqn〉 = e−
1

2
p2〈q2

n〉

This result is correct for a gaussian statistics2 of the variable qn. This aver-
age amplitude can be measured by letting the scattered wave interfere with a
reference wave. The diffraction of X-rays by a crystal also leads to a similar
behaviour of the intensities diffracted into a given order. In that case, p is the
wave vector transfer of the diffraction peak.

The computation of the variance gives

〈q2n〉vac =
∑

k

h̄

2mωkN
〈akeikxna†ke−ikxn〉vac

= a

∫

BZ

dk

2π

h̄

2mωk
, (5.18)

2We are a cheating a little bit, since qn is in fact an operator, but one can introduce a ‘quasi-
distribution’ that is indeed gaussian in the ground state (and at finite temperature as well).
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where we used the standard rule of replacing a sum over k into an integral for
a system with large length L = Na. This integral has some value that depends
on Ωa/c:

〈q2n〉vac =
h̄a

2mc

π
∫

−π

dx

2π

[

(Ωa/c)2 + 2(1 − cosx)
]−1/2

(5.19)

The integral is plotted in Figure 5.1. The long-wavelength approximation, ω2
k =
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Ω a / c
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Figure 5.1: Two upper curves: integral in Eq.(5.19) as a function of Ωa/c. The
limiting value for Ω → 0 is ≈ 1.18. The dashed line corresponds to the approx-
imation 1 − cosx ≈ x2/2 under the integral. Dotted line: 3D equivalent.

Ω2 + c2k2 gives the dashed line which is in good overall agreement. We shall
use this approximation in the following because it simplifies the calculations.

Three-dimensional case

We generalize to three dimensions: now, the number N of oscillators scales
with volume L3 of the system. The sum over k runs over a 3D Brillouin zone.
The phonon dispersion relation for a simple cubic lattice is given by

ω2
k = Ω2 +

2K

m
(3 − cos kxa− cos kya− cos kza) ≈ Ω2 + c2k2 (5.20)

with the sound velocity c2 = Ka2/m as before. In the long-wavelength limit,
the dispersion relation is isotropic.

A similar calculation leads to the zero-point fluctuations

〈q2n〉vac = a3

∫

BZ

d3k

(2π)3
h̄

2mωk
(5.21)

Let us make an approximation that is often used, and consider a spherical Bril-
louin zone with the same number of points/the same volume. Its radius kmax

is fixed by
4π

3
k3
max =

(

2π

a

)3

(5.22)

where the right hand side is the number of points in the ‘Brillouin cube’ of
the 3D cubic lattice. We write kmax = ωD/c in terms of the so-called Debye
frequency ωD. This quantity is often used as an high-frequency cutoff for the
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phonon spectrum. Typical values of the Debye frequency are of order 1012 s−1,
depending on the crystal lattice constant and stiffness.

Hence, with this approximation:

〈q2n〉vac =
h̄a3

2m
4π

kmax
∫

0

k2dk

(2π)3
ω−1

k (5.23)

which gives another integral that depends on Ωa/c (left as an exercise). Making
the long-wavelength approximation and taking a spherical Brillouin zone, the
resulting zero-point fluctuation is plotted as a dotted line in Figure 5.1. The
fluctuation is normalized to h̄a/(2mc), as in Eq.(5.19).

Specific heat

We are now going to make some thermodynamics. Recall the quantum ther-
modynamics for a single oscillator: the free energy is given by

F = (1/β) log[2 sinh(βh̄ω/2)] (5.24)

with 1/β = kBT and the specific heat (per degree of freedom) is found from

C =
∂

∂T

∂

∂β
(βF) (5.25)

(One differentiates the mean energy with respect to temperature.)
Now, the harmonic chain is a collection of oscillators with frequencies ωk.

In thermodynamic equilibrium, we assume that each normal mode is specified
by a thermal distribution. All normal modes are independent, hence the total
free energy is the sum of free energies:

F =
∑

k

(1/β) log 2 sinh(βh̄ωk/2) =
a3N

β

∫

BZ

d3k

(2π)3
log 2 sinh(βh̄ωk/2) (5.26)

This is proportional to the volume a3N of the system, as it should be for the
extensive quantity ‘free energy’. We thus define a density of free energy f =
F/a3N .

This free energy density contains a zero-point contribution plus a thermal
one. We compute first the zero-point contribution for a linear dispersion ωk =
c|k|:

f(T → 0) =
4π

β

kmax
∫

0

k2dk

(2π)3
βh̄ωk

2

≈ 2πh̄c

kmax
∫

0

k3dk

(2π)3
=
h̄ck4

max

(4π)2
∼ h̄c

a4
(5.27)

This is temperature-independent (by construction), hence it does not con-
tribute to the specific heat. The result (5.27) corresponds to the energy of one
phonon at the edge of the Brillouin zone, h̄c/a ∼ h̄ωD, per unit cell of the
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crystal. Of course, this zero-point energy is not directly observable, one would
have to destroy the crystal to see it. But sometimes corrections due to finite sur-
face size, thickness and so on appear that can be measured as “Casimir forces”.
However, the main field that contributes in that context is the electromagnetic
one, not the phonon field.3

Finally, the temperature-dependent part of the free energy is the one that is
relevant for the specific heat (5.25) as well. This was pointed out and calculated
by Einstein and Debye, using different models for the distribution of phonon
frequencies. With our simple model ωk = c|k|, we get

f(T ) − f(0) ≈ 4π

β

kmax
∫

0

k2dk

(2π)3
log(1 − e−βh̄ck)

≈ 1

β4h̄3c3
4π

(2π)3

βh̄ωD
∫

0

x2dx log(1 − e−x) (5.28)

This result is plotted in Figure 5.2 in units of (β4h̄3c3)−1 as a function of

0.2 0.4 0.6 0.8 1
T / TD

− 0.1

− 0.08

− 0.06

− 0.04

− 0.02

Figure 5.2: Free energy per unit volume of a harmonic lattice in 3D, Eq.(5.28),
in units of (β4h̄3c3)−1 and as a function of T/TD = (βh̄ωD)−1. The phonon
dispersion relation is approximated as ωk = c|k|. The value for T → 0 is
−π2/90 ≈ −0.11.

the scaled temperature (βh̄ωD)−1 = kBT/h̄ωD (Debye temperature typically
h̄ωD/kB ∼ 300 K). At low temperatures, kBT � h̄ωD, the integral is constant.
In this regime, the free energy (5.28) scales like 1/β4 = T 4. It follows, that the
specific heat (5.25) per volume is proportional to T 3 in this regime. This is an
important result that can be directly compared to experiments. As the temper-
ature increases, the dependence is getting more complicated. In this ‘classical
regime’, our linear chain is in fact no longer a realistic model because nonlinear
contributions to the oscillations of the crystal play a role.

5.2 Klein-Gordon field

We now summarize a few important properties of the quantization of the
Klein-Gordon field. With respect to the phonons, we are going to consider a

3More precisely, the change in electromagnetic zero-point energy per unit area for a pair of
perfectly reflecting plates with distance a scales like Eq.(5.27), with c being the speed of light.
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continuous, position-dependent quantum operator q(x) or Φ(x). In addition,
we have to ensure that the quantization is compatible with special relativity.

5.2.1 Continuum limit

Let us first comment on the limit that the chain of oscillators merges into
a continuous field (an ‘elastic string’). We shall base the discussion on the
Lagrangian formulation, and our goal will be a prescription to get the La-
grangian (3.14) for the Klein-Gordon field

L =

∫

d3x

[

1

2
(∂tΦ)2 − c2

2
(∇Φ)2 − 1

2
(mc2/h̄)2Φ2

]

(5.29)

Compared to the previous formulation, this is only valid for a real-valued field
Φ(x, t).

The Lagrangian for the linear chain whose Hamiltonian is (5.5) reads, gen-
eralizing to three dimensions:

L =
∑

x

[

M

2
q̇(x)2 − MΩ2

2
q(x)2 − K

2

∑

i

(q(x + ai) − q(x))2
]

(5.30)

Here, we have written M for the oscillator mass to avoid confusion with the
mass m in the Klein-Gordon field. The vectors ai correspond to the directions
and distances for the coupling between neighboring oscillators. The natural
replacement rule to go from the summation over x to an integral is, of course:

∑

x

7→
∫

d3x

axayaz
(5.31)

We see that the mass density ρ ≡ M/(axayaz) can be factored from the La-
grangian. Note that this common factor does not change the Euler-Lagrange
equations (principle of least action). We extend q(x, t) to a continuous function
and get

L 7→ ρ

∫

d3x

[

1

2
(∂tq)

2 − Ω2

2
q2 − K

2M

∑

i

(q(x + ai) − q(x))
2

]

(5.32)

Finally, in the limit a → 0 (at fixed ρ), we expand q(x + ai) in the coupling
between neighbors and get

[q(x + ai) − q(x)]2 = a2
i

(

∂q

∂xi

)2

(5.33)

where the coordinate xi is chosen along the direction of ai. We shall take the
simplest case that |ai| = a in three orthogonal directions (cubic lattice) so that

∑

i

a2
i

(

∂q

∂xi

)2

= a2(∇q)2 (5.34)

With the definition for the speed of light/sound, c2 = Ka2/M , and the re-
placement Ω 7→ mc2/h̄, we thus get the Klein-Gordon Lagrangian (5.29) if we
identify the Klein-Gordon field Φ(x, t) =

√
ρq(x, t).
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In the continuum limit a → 0, the dispersion relation (5.12) also becomes
identical to the relativistic one:

ω2
k = Ω2 +

c2

2a2

(

3 −
∑

i

cos kia

)

→ (mc2/h̄)2 + c2k2. (5.35)

We thus have formulated a ‘mechanical model’ for the propagation of a rela-
tivistic field. Of course, the modern interpretation of the field dynamics does
no longer mention the underlying oscillators, be they discrete or continuous.
The Klein-Gordon field ‘lives’ in empty space. This empty space behaves like a
rigid medium in the sense that the field amplitude at every space point corre-
sponds to a harmonic oscillator with frequency Ω = mc2/h̄. This is a very large
frequency already for the electron mass.

5.2.2 Quantization

We now apply the rules for the continuum limit to translate the quantized
phonon field to the relativistic case. From hereon, we put h̄ = c = 1.

Field operator

In the discrete summations over the Brillouin zone, the spacing of the k-vectors
can be first kept the same (2π/L), if we continue to work with a finite ‘quan-
tization volume’ and periodic boundary conditions.4 The upper limit of the
Brillouin zone, π/a, is going to infinity in the continuum limit. Hence we now
have a countable, but infinite set of plane-wave modes in the expansion of the
phonon displacement operator:

q(x, t) =
∑

k∈BZ

1√
2MωkN

(

ak(t)eik·x + a†k(t)e−ik·x
)

(5.36)

We write MN = (M/a3)Na3 = ρV and see that q involves the scale factor
1/

√
ρ. For the time-dependent Klein-Gordon operator, Φ(x) =

√
ρq(x), we

thus have
Φ(x) =

∑

k∈BZ

1√
2ωkV

(

ake−ikµxµ

+ a†keikµxµ
)

(5.37)

using the obvious 4-momentum kµ = (ωk,−k) and the time evolution of the
Heisenberg operators ak(t).

Energy and momentum operators

The quantized Hamiltonian still has the same form

H =
∑

k∈BZ

ωk

(

a†kak +
1

2

)

(5.38)

4This can be relaxed and the theory formulated in an infinite volume. The price to pay is that
the ak become operator-valued distributions that make sense only when smeared out with L2-
integrable functions.
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For each excitation in mode k, the energy increases by an amount ωk. This
corresponds to the idea that particles in quantum field theory are viewed as
excitations of (continuous) fields. More formally, we have the relation

[

H, a†k

]

= ωka
†
k (5.39)

From this, we can derive that by acting with a creation operator on the vacuum
state, a†k|vac〉, one gets a state with an energy ωk above the vacuum state. This
is compatible with the interpretation: ‘a†k creates a particle with momentum k’.

The vacuum is defined by the absence of any particle, ak|vac〉 = 0. This
suggests to subtract the zero-point energy in the Hamiltonian (5.38): one thus
works with H 7→ H − 〈vac|H |vac〉 or so-called ‘normally ordered’ operators
(this operator ordering is expressed by the notation : . . . :)

H 7→
∑

k∈BZ

ωk

2
:
(

a†kak + aka
†
k

)

: =
∑

k∈BZ

ωka
†
kak (5.40)

where the operators are ordered such that the annihilation operators appear to
the right. By definition, the normally ordered :H : gives zero when acting on
the vacuum state.

Eq.(5.39) can also be used to show that the commutator between H and the
field operator (5.37) generates the equations of motion:

i [H,Φ] = ∂tΦ (5.41)

which is of course the Heisenberg equation for the observable Φ. This can be
stated in a different way: the operator H generates the translation in time of
the field operator. This is a first step towards the relativistic invariance of the
theory: time and space translations are part of the Lorentz-Poincaré symmetry
group that every relativistic field theory should take into account.

The space translations are generated by the total momentum operator

P =
∑

k∈BZ

ka†kak, i [P,Φ] = ∇Φ (5.42)

Similar operators can be constructed to generate rotations and Lorentz trans-
formations, see the book by Itzykson & Zuber.

We finally note that the following particle number operator commutes with
the Hamiltonian:

N =
∑

k∈BZ

a†kak (5.43)

It is curious to note that this operator is of course positive definite. The prob-
lem with the ‘negative energy solutions’ of the classical theory apparently does
not appear in the quantum theory: both total energy and particle number are
positive. However, it is not easy to give a local formulation to the particle num-
ber (density): to ensure that this is positive as well, one typically needs some
spatial smearing.
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Field propagator and commutator

To finish the discussion of the free Klein-Gordon theory, let us work out the
commutator of the field operator between two space-time points x and y. If
Φ(x) and Φ(y) are ‘independent’ observables, this should be zero. Any non-
zero result is indicating that the field operator at event x can influence the
operator at y: this is of course a check of causality in the relativistic setting.
Using

[

ak, a
†
k′

]

= δkk′ , we get

i
[

Φ(x), Φ(y)
]

=
∑

k∈BZ

i

2ωkV

(

e−ikµ(xµ−yµ) − eikµ(xµ−yµ)
)

(5.44)

where the relativistically invariant integration measure d3k/ωk appears in the
V → ∞ limit (see Exercise 6.2)

i
[

Φ(x), Φ(y)
]

=

∫

d3k

(2π)3ωk
sin kµ(xµ − yµ) ≡ D(x− y) (5.45)

In Exercise 6.2, you have also shown that the function D(x) only depends on
the Minkowski distance xµx

µ. In particular, for x0 = 0, one has D(0,x) = 0
because the function under the integral is odd in k. By Lorentz invariance,
this property holds for any space-like separation: we find that indeed, the field
operators commute if the two events are not inside each other’s light cone.

For time-like separations, one can analyze D(t,0) as a function of t. With
the change of variable k 7→ ωk, one can show that

D(t,0) = − m

8π|t|J1(mt) (5.46)

where J1 is the first-order Bessel function. The function (5.46) jumps at t = 0
from positive to negative values (the size of the jump is −m2/8π)5 and decays
smoothly to zero on a time scale 1/mwith oscillations that have an envelope ∝
t−3/2. This implies that the commutator is nonzero on the light cone. Nonzero
values are found also in the interior of the light cone (in the ‘forward’ and
‘backward’ directions) with a width of order 1/m.

The commutator D(x−y) = i
[

Φ(x), Φ(y)
]

is thus a c-number valued distri-
bution; it is called the ‘propagator’ of the quantized Klein-Gordon field. This
special propagator is not ‘causal’ in the sense that it propagates the field into
the future (then it would be zero on one side of the light cone), but rather con-
tains a superposition of incoming and outgoing spherical waves.

5.2.3 Application: particle decay

A key fact that must be implemented by quantum field theory is the creation
and annihilation of particles. We have already seen that the operators a† and
a with the same name can do this job. But is we want to implement the ‘con-
version’ of particles of one species into another one, we have to specify an
interaction between quantum fields. On the level of charged fields coupled to
the electromagnetic field, the interaction Hamiltonian can be found from the
minimal coupling procedure, but one has to quantize the electromagnetic field

5One can actually show that ∂tD(0,x) = −δ(x).

83



as well which comes with some technical difficulties. We discuss here a simpler
example: a ‘self-interacting Klein-Gordon field’, also known as Φ3-theory.

In the phonon picture, this models the anharmonicity of the crystal lattice.
As a consequence, the phonon modes are no longer normal modes of the sys-
tem, but mode coupling and mode conversion occurs. In the quasi-particle
language: a given phonon is unstable and decays into a pair of phonons.

To describe the decay of particles in quantum field theory, we need two
ingredients: • Fermi’s Golden Rule, as coming from time-dependent perturba-
tion theory, and • an interaction Hamiltonian that is not just bilinear in the field
operators.

Fermi’s Golden Rule

This is a key result of time-dependent perturbation theory. See Appendix 2 for
details. The result is the following transition probability per unit time for an
initial state |i〉, summed over all final states |f〉 allowed by energy conservation:

γi→f =
dwi→f

dT
=

2π

h̄

∑

f

|〈f |V |i〉|2 δ(Ef −Ei) (5.47)

Here, Ei and Ef are the initial and final energies, and V is the interaction
Hamiltonian.

Interaction potential. We take here the simplest interaction within a scalar
field theory:

V = λ

∫

V

d3xΦ3(x) (5.48)

In the phonon picture, this corresponds to a nonlinear term in the vibrations of
the lattice. In the field theory, it is called a ‘self-interaction’.

What kind of matrix elements involving this V can be nonzero? We shall
focus on initial states containing one particle, |i〉 = a†p|vac〉. By inserting the
mode expansion (5.37) of the field operator, we get for example terms of the
form

V ∝
∑

k1,k2,k3

(· · · )a†k1
a†k2

a†k3
(5.49)

that create three particles. However, since this requires an energy of at least
mc2 for each particle, this process cannot conserve energy. One must change
the energy of the initial particle, but this requires an operator sequence of the
form a†kak′ to be applied to |i〉.

Another group of terms is of the form

ak1
a†k2

ak3

where the initial particle is annihilated (if k3 = p). The vacuum expectation
value of ak1

a†k2
is nonzero if k1 = k2 so that it seems that the initial particle

could simply disappear. But again, this process violates energy conservation
because Ei = Ep = (m2 + p2)1/2, while Ef = 0 (zero particles left).
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We find a nonzero contribution for the decay into a pair of particles, coming
from the combination

a†k1
a†k2

ak3
(5.50)

provided k3 = p. If we take as final state 〈f | = 〈vac|ap1
ap2

we find a
nonzero matrix element for the terms (5.50) with k1 = p1 and k2 = p2 (or vice
versa). The space integral in Eq.(5.48) leads to the momentum conservation
rule, V δp1+p2,p, written here for discretized momenta in a finite normalization
volume.

We finally integrate over the final momenta p1,2 of the two final particles to
get the decay rate for the initial state. After some calculations, this leads to the
integral

γp = πλ2

∫

d3q

(2π)3
δ(E1(q) +E2(q) −Ep)

E1(q)E2(q)Ep

(5.51)

whereEp is again the energy of the initial particle. The momentum q = p1−p2

is the relative momentum of the particle pair. Its total momentum must be
equal to p. Therefore, the energies are

E1,2(q)2 = m2 +
1

4
(p ± q)2 (5.52)

and the factors 1/Epi
come from the Lorentz-invariant integration measure in

three-dimensional momentum space.
There is a threshold energy for the particle decay: sinceE1(q)+E2(q) ≥ 2m,

the initial particle must have an energy of at least Ep ≥ 2m to decay into this
pair. The maximum value of q that can contribute to the integral (5.51) is also
easy to find out. An explicit evaluation of the integral is probably possible,
but tedious. This kind of integrals is typical for results in elementary particle
physics. One is saying that the decay rate is proportional to the ‘phase space’
available for the products of the decay (given conservation of total energy and
momentum). On the other hand, the decay rate is proportional to the squared
coupling constant λ2. This is typical for calculation based on Fermi’s Golden
Rule (5.47).

5.3 Fermions

We would like to illustrate here a key point of quantum field theory: particles
with spin 1/2 (or spin 3/2, . . . ) have to be quantized in a different way from
spin 0, 1, . . . particles. The latter ones (like phonons) are called ‘bosons’: they
can occupy a given field mode in arbitrary numbers a†a = 0, 1, 2, . . ., as we
have seen for phonons. This is forbidden for half-integer spins or ‘fermions’
where Pauli’s exclusion principle holds. There, a†a = 0, 1 are the only allowed
occupation numbers for a given mode (this includes the spin quantum number,
of course). We shall see that this is related to the occurrence of creation and
annihilation operators that are ‘anti-commuting’. Our example is the Dirac
field, but without the coupling to the electromagnetic field.

5.3.1 Dirac field

We follow the quantization scheme that could be called ‘correspondence’ prin-
ciple and take the classical energy and momentum density that follow with
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Noether’s theorem from the Dirac Lagrangian. In the energy density integrated
over all space, we promote the Dirac field to an operator in such a way that the
energy operator generates time translations. Similarly for the momentum op-
erator that generates space translations.

A reminder of Noether’s theorem: if a Lagrangian depends on the coordi-
nate x = (t,x) only via the fields Ψ (and their derivatives), the action integral is
not changed under a translation of the field arguments (just shift the variables
for the integration d4x = dt d3x). For an infinitesimal x-dependent translation
by δaµ(x), we have

δΨ(x) = δaν(x)∂νΨ(x) (5.53)

and the derivative of this quantity for ∂µδΨ. A calculation leads to

0 =

∫

d4x (∂µT
µν)δaν(x) (5.54)

T µν =
∂L

∂(∂µΨα)
∂νΨα(x) − gµνL (5.55)

The index α is summing over the components of the field, if needed. The quan-
tity T µν is the energy-momentum tensor of the field theory. It is locally con-
served, ∂µT

µν = 0, which gives four conserved quantities.
For µ, ν = 0, 0, one gets the energy density whose integral is the total energy

or Hamiltonian

H =

∫

d3x

{

∂L
∂(∂tΨα)

∂tΨα(x) −L
}

(5.56)

we recognize the standard form here, since the first factor contains the momen-
tum conjugate to Ψ(x).

In the Dirac Langrangian (3.76), the field Ψ(x) and its conjugate Ψ†(x) occur.
We interpret these as different ‘components’ of the same field and get a total
energy

H =

∫

d3x
i

2

(

Ψ†∂tΨ − ∂tΨ
†Ψ
)

(5.57)

The term −L does not contribute if we use the Dirac equation, restricting the
analysis to field (operators) whose dynamics satisfies the Dirac equation.6 We
expand the Dirac field into plane waves of particle-like and antiparticle-like
character:

Ψ(x) =
∑

k,σ

[

akσukσe−ikµxµ

+ b†kσvkσeikµxµ
]

(5.58)

where ukσ and vkσ are the spinor-valued amplitudes for a particle- and
antiparticle-like plane-wave states with momentum k and spin quantum num-
ber σ. More precisely: these spinors are those one gets if the Dirac solutions
for particles at rest (positive or negative energies ±m) are subject to a Lorentz
transformation. This explains also the negative sign of the exponential eikµxµ

in the antiparticle-like term. The operator akσ annihilates a particle, as we shall
see below. The operator b†

kσ creates an anti-particle: we also see below that this
choice is the one that ensures that the total energy is positive.

6In other words, L = 0, for solutions of the equations of motion: this is the technical reason
why the standard canonical quantization procedure runs into trouble.
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By working out the total energy in terms of this plane wave expansion, we
need some orthogonality relations that follow from the Lorentz invariance of
ukσvk′σ′ . More details are found in Itzykson & Zuber. The key observation
is that the energy (5.57) brings, from the time derivative, the energies ±Ek =
±(m2 + k2)1/2 into the game. The resulting total energy is

H =
∑

k,σ

Ek

[

a†kσakσ − bkσb
†
kσ

]

(5.59)

that we want to interpret as a Hamiltonian. Let us proceed as usual first:
the negative sign in front of the anti-particle like number operator b†kσbkσ =

bkσb
†
kσ − 1 is coming from the fact that these modes have ‘negative energy’. If

we permit that this number operator has arbitrarily large eigenvalues, then the
energy (5.59) is getting arbitrary large. This is what we want to avoid in order
to get a (dynamically and thermodynamically) stable ground state.

The genial idea to make H positive is the rule

bkσb
†
kσ = 1 − b†kσbkσ (5.60)

so that the number operator b†kσbkσ now appears with the opposite sign in
Eq.(5.59). We can now identify the vacuum state as usual by akσ|vac〉 =

bkσ|vac〉 = 0. The (infinite) value of the energy in the vacuum state, −∑k,σ Ek ,
is subtracted (this looks like the energy when all modes with negative energy
are filled with exactly one particle). After normal ordering, we get the follow-
ing, nicely looking positive Hamiltonian

:H: =
∑

k,σ

Ek

[

a†kσakσ + b†kσbkσ

]

. (5.61)

This prescription can be generalized by imposing that the particle and an-
tiparticle creation and annihilation operators are anti-commuting:

δkσ,k′σ′ =
{

akσ, a
†
k′σ′

}

≡ akσa
†
k′σ′ + a†k′σ′akσ, (5.62)

similarly for the bkσ, and

0 =
{

akσ, ak′σ′

}

=
{

akσ , b
†
k′σ′

}

=
{

akσ, bk′σ′

}

(5.63)

Note that the relations involving a and a are ‘new’: we did not have to specify
this separately in the boson case. This implies in particular that when one
applies a creation (or annihilation) operator twice, one gets nothing:

(a†kσ)2|vac〉 =
1

2

{

a†kσ, a
†
kσ

}

|vac〉 = 0 (5.64)

It is not possible to create more than one particle in a given mode: this imple-
ments the Pauli exclusion principle.

Note, however, that the fermionic (anti-)commutation rules still permit the
usual interpretation of the number operator. This comes from the following
magic algebra:

[

a†kak, a
†
k′

]

= a†k

{

ak, a
†
k′

}

−
{

a†k, a
†
k′

}

ak = a†kδkk′ (5.65)
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so that the action of a†k increases the particle number a†kak in mode k by one.
Similarly, after ‘normal ordering’, the total number of particles becomes

N =

∫

d3x :Ψ†Ψ: =
∑

k,σ

[

a†kσakσ − b†kσbkσ

]

. (5.66)

This can now be negative or positive! It is funny that in the quantum field
theory, this does no longer pose a problem.7 The negative particle number can
be interpreted as the difference between ‘particles’ and ‘anti-particles’ or as the
total charge (since particles and anti-particles have opposite charges).

To summarize, in the quantization of the Dirac field, one imposes that the
total energy be positive (increasing from the vacuum state as particles are cre-
ated), and this can be done by imposing anti-commutation rules for the mode
operators akσ and a†kσ . These anti-commutation rules automatically imply the
Pauli principle: a given mode for spin 1/2 particles can never be filled by more
than one particle.

The filled Fermi sea. We could have formulated the Dirac quantization in terms of
the operator ckσ = b

†
kσ. In that case, the energy for an anti-particle mode would

have scaled like −Ekc
†
kσckσ . We can re-phrase the preceding construction by saying

that • the number operator involved here must have the maximum value 1; • the
ground state is given by the ‘Fermi sea’, a state where all c-modes are filled,

|Fermisea〉 =
Y

kσ

c
†
kσ|empty〉;

and • Pauli’s principle holds, (c†kσ)2 = 0. All these elements are automatically veri-
fied by using anti-commutators. In fact, when using anti-commutators, annihilation
and creation operators can somehow be exchanged: ‘create an anti-particle’, b†, is
like ‘destroy a particle of the Fermi sea’, c. On the two-dimensional Hilbert space
spanned by the states b†|vac〉 = (1, 0)T and |vac〉 = (0, 1)T , the operators b and b†

are represented by the ‘Pauli matrices’

b
† ↔

„

0 1
0 0

«

, b↔

„

0 0
1 0

«

whose square is obviously zero.

5.3.2 Many-body systems at low energies

In this section, we would like to illustrate the connection between the quantum
field theory formulated up to now and the usual non-relativistic many-body
quantum mechanics. You are probably familiar with the fact that for systems
of indistinguishable particles, quantum statistics comes into play: the wave
function ψ(x1, . . .xN ) must be symmetric or anti-symmetric under particle ex-
change. For example,

bosons/fermions: ψ(x2,x1,x3 . . .xN ) = ±ψ(x1,x2,x3 . . .xN ) (5.67)

More generally the sign ε(π) of the permutation π of particle coordinates occurs
in ψ(xπ1, . . .xπN ) for fermions, while the many-boson wave function is totally
symmetric under permutations.

7In fact, the quantum-mechanical probability that must be positive in quantum theory, is ‘living’
in another space: it is related to the complex probability amplitudes in quantum state superposi-
tions like α|vac〉 + βak |vac〉.
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N -particle sectors

What is the connection to the field operator? The general picture is the follow-
ing: the field operator Ψ(x) connects parts of the Hilbert space that differ by
one in the total particle number (it is a combination of operators that create or
annihilate one particle). However, these ‘sectors’ typically evolve indepedently
since the particle number N commutes with the Hamiltonian. In a simple non-
relativistic theory, one has

H =
∑

k

Eka
†
kak, N =

∑

k

a†kak. (5.68)

N commutes with H because one requires an energy mc2 to create an extra
particle. The ‘one-particle sector’ H1 is spanned by the states a†k|vac〉. One
can thus ask: what is the ‘wave function’ of these states? If the k label plane
wave states, then a†k|vac〉 is an eigenstate of the momentum operator P̂ with
eigenvalue k:

P̂ =
∑

k

ka†kak (5.69)

In the non-relativistic limit, it is useful to separate the field operator into
positive and negative frequency components Ψ and Ψ†. The positive frequency
part contains only annihilation operators:8

Ψ(x, t) =
∑

k

ak(t)φk(x), Ψ†(x, t) = [Ψ(x, t)]
† (5.70)

with orthonormal mode functions φk(x).

One-particle states.

The field operator Ψ†(x′), when acting on the vacuum state, produces a quan-
tum state in the one-particle sector H1. Its probability amplitude in the mo-
mentum representation is given by (up to a normalization)

ψ̃(k;x′) = 〈vac|akΨ†(x′)|vac〉 (5.71)

With the mode expansion (5.70), adding (subtracting) the vanishing average
〈vac|Ψ†(x′)ak|vac〉 and using the (anti)-commutation rules for the ak’s, we get

ψ̃(k;x′) = φ∗k(x′) (5.72)

In the position representation, we thus have a ‘wave function’

ψ(x;x′) =
∑

k

φ∗k(x′)φk(x) = δ(x − x′) (5.73)

where we used the completeness relation of the mode functions φk(x). Hence,
Ψ†(x′)|vac〉 is a state localized at the position x′, or in other words:

8In the Klein-Gordon theory, the separation into positive and negative frequencies is natural.
In the case of the relativistic Dirac field ΨD(x), one can write ΨD(x) ≈ e−imc2t/h̄Ψ(x) and make
Ψ(x) slowly varying in time by averaging it over a time scale of order h̄/mc2. This makes the
anti-particle contribution disappear that evolves at negative frequencies.
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the field operator Ψ†(x′) [Ψ(x′)] creates [annihilates] a particle at
the position x′.

We can interpret the same calculation in terms of the wave function (in
the usual sense, i.e., in the position representation) of the states creates by a†k.
Projecting onto the position eigenstate Ψ†(x)|vac〉, we have

〈vac|Ψ(x)a†k|vac〉 = φk(x) (5.74)

Hence the plane wave mode function is also the quantum-mechanical wave
function for the one-particle state associated with the mode k.

Two-particle states.

Two-particle states are generated by the basis states a†ka
†
k′ |vac〉 with k 6= k′ in

the Fermion case. To compute their wave function ψ(x1,x2), we project onto
the two-particle position state Ψ†(x2)Ψ

†(x1)|vac〉:

ψ(x1,x2) = 〈vac|Ψ(x1)Ψ(x2)a
†
ka

†
k′ |vac〉 (5.75)

By a calculation similar to the previous one, we shift the annihilation operators
in Ψ(x1) and Ψ(x2) through a†k and a†k′ and use the (anti)commutation rules.
The result is

ψ(x1,x2) = φk′ (x1)φk(x2) ± φk(x1)φk′ (x2) (5.76)

which is even (odd) under the exchange of the coordinates x1 and x2, depend-
ing on Bose or Fermi statistics. We could have anticipated this result: since the
operators a†k and a†k′ (anti)commute, the two-particle state a†ka

†
k′ |vac〉 must be

even (odd) in the quantum numbers k and k′.
Similarly, one can show that the state a†k1

. . . a†kN
|vac〉 is totally

(anti)symmetric in the quantum numbers k1, . . . kN , and its wave function
ψ(x1, . . .xN ) behaves similarly.

Fermion creators and annihilators

Operators are acting in unusual way on Fock states. See Dawydow’s book on
quantum mechanics, § 86.

Interacting particles in second quantization

To conclude, we write down the link between the usual formulation of a quan-
tum many-body theory for particles that interact via a potential V (r) and
the quantum field theory (or ‘second quantized’) language. The many-body
Hamiltonian is, for N indistinguishable particles

H =

N
∑

α=1

(

p2
α

2m
+W (xα)

)

+
1

2

∑

α6=β

V (xα − xβ) (5.77)

where W (x) is an ‘external potential’ that is the same for all particles. Of
course, the momentum operator is pα = −ih̄∇α, the derivative with respect
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to the α’th coordinate. The particle density, for example, is given by the opera-
tor

n(x) =
∑

α

δ(x − xα) (5.78)

In second quantization, the particle density becomes

n(x) = Ψ†(x)Ψ(x) (5.79)

while the Hamiltonian is (in normally ordered form)

H =

∫

d3x

(

h̄2

2m
∇Ψ† · ∇Ψ + Ψ†(x)W (x)Ψ(x)

)

+
1

2

∫

d3xd3x′Ψ†(x)Ψ†(x′)V (x − x′)Ψ(x′)Ψ(x). (5.80)

This formulation is the starting point for the discussion of several phenomena
in physics: electron waves in condensed matter and superconductivity, liquid
Helium and superfluidity, atomic matter waves at low temperatures and Bose-
Einstein condensation. Generally speaking, the temperature of the system is a
key parameter here, and one is looking for equilibrium correlation functions of
the form

〈Ψ†(x, t)Ψ(x′, t′)〉T , 〈n(x, t)n(x′, t′)〉T (5.81)

These functions can actually be measured by interference or scattering experi-
ments.

In some of these applications, one works in a statistical ensemble where the
particle number N is not fixed because the system is in contact with a ‘parti-
cle reservoir’. This can be a good approximation even in the case where one
knows that N is conserved, because in the thermodynamic limit N → ∞, the
fluctuations in the particle number are getting small.9 The ground state of the
system in this ensemble is found by minimizing the so-called ‘grand-canonical
Hamiltonian’

K = H − µN (5.82)

where µ is called the ‘chemical potential’. Its value is fixed by the requirement
that the average particle number coincides with a given number N̄ :

N̄ =
∂

β∂µ
log tr exp(−βK) (5.83)

where the trace gives the partition function (Zustandssumme) in this ensemble.
In the following, we try to avoid the grand-canonical ensemble and work

with a system in an eigenstate to the particle number operator N .

5.3.3 Density correlations in a Fermi gas

Goal: Friedel oscillations in the density-density correlations, even without in-
teractions.

Basic quantities:

9The Bose-Einstein condensation of an ideal gas is an exception and shows a peculiar scaling
with N in this respect, see M. Wilkens and C. Weiss, J. mod. Optics 44 (1997) 1801.
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Figure 5.3: Average pair density 〈n2(x − y)〉 in a homogeneous, ideal Fermi
gas, vs. distance x = |x− y|. Inset: short distance x ∼ λF = 2π/kF .

density operator n(x) = ψ†(x)ψ(x)
pair density operator n2(x,y) = ψ†(x)ψ†(y)ψ(y)ψ(x)
Expansion of field operator in plane waves in “quantization volume” V .
Fermi sea: “ground state” with the constraint that N particles are present

in V (density N/V ). Single-particle states filled up until |k| ≤ kF with Fermi
wavenumber kF and Fermi energy.

average value of density in the ground state and EF

expectation value of density correlations: need expectation value
〈a†pa†qaras〉. Work out with fermionic anticommutators.

Result for spin-polarized Fermi gas:

〈n2(x,y)〉 = 〈n〉2
[

1 −
(

3(sin kF s− kF s cos kF s)

(kF s)3

)2
]

(5.84)

with plot 5.3.
Comment: ‘repulsion’ just due to Pauli principle, even without any physi-

cal interaction. Other interpretation of Friedel oscillations: typical two particle
wave function (in usual two-body quantum mechanics language)

ψk,k′(x,y) ∝ eik·xeik′·y − eik·yeik′·x (5.85)

with a pair density n2(x,y) = |ψk,k′(x,y)|2. To be averaged over Fermi-Dirac
distribution for momenta k, k′.

5.3.4 Elements of supraconductivity

Example of interactions that change the character of the excitation spectrum.
Basic properties: energies of lowest excitation. For each particle, count en-

ergies from Fermi energy EF , i.e. shift energy by NEF .

Ideal Fermi gas. Single-particle energy

H(1) =
∑

k,s

(

h̄2k2/2m−EF

)

a†k,sak,s
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Figure 5.4: Spectrum of elementary excitations. Thin line: ideal Fermi gas.
Thick line: with attractive interactions, leading to an energy gap. EFS: energy
of the (noninteracting) Fermi sea. EF : Fermi energy. EBCS: energy of the
(interacting) ground state of the BCS Hamiltonian. kF : Fermi wavevector.

‘particle-like’ excitation with energy Ek = h̄2k2/2m − EF for |k| ≥ kF . Low-
energy limit:

Ek ≈ h̄vF (|k| − kF )

with vF = h̄kF /m. Similar to sound waves.
‘hole-like’ excitation: remove electron from Fermi sea. Hence |k| ≤ kF and

h̄2k2/2m−EF < 0. Write in ‘hole representation’

ak,s = B†
−k,−s, a†k,sak,s = 1 −B†

−k,−sB−k,−s

a†
k,s = B−k,−s

Hence energy takes the form

H(1)(holes) =
∑

s,k∈FS

(

h̄2k2/2m−EF

)

(

1 −B†
−k,−sB−k,−s

)

= EFS +
∑

s,k∈FS

∣

∣h̄2k2/2m−EF

∣

∣B†
k,sBk,s (5.86)

with EFS the energy of the Fermi sea (shifted by NEF ).
The total energy can thus be written in terms of ‘occupation numbers’

a†k,sak,s (above Fermi level) and B†
k,sBk,s (below Fermi level) and positive ex-

citation energies

|ε(k)| =
∣

∣h̄2k2/2m−EF

∣

∣ ≈ h̄vF ||k| − kF |

last approximation valid near the Fermi level.
Plot of single particle excitation spectrum, Fig. 5.4.

With (attractive) interactions. Plot of excitation spectrum: thick lines in
Fig.5.4. Ground state shifted down from EFS. Single-excitation spectrum with
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gap > ∆k ≥ ∆F given by Hamiltonian

H(BCS) = EBCS +
∑

k

√

ε2(k) + ∆2
k

(

A†
kAk +B†

kBk

)

(5.87)

where ∆k is the ‘gap function’. We call this the Bardeen–Cooper–Schrieffer
(BCS) Hamiltonian who worked out a microscopic theory of superconductivity
in 1956.

The operators Ak and Bk create ‘Cooper pairs’: superposition of electron
with momentum k and missing electron at momentum −k (both quasiparticles
have the same net momentum) relative to the Fermi sea. One can build states
from these pairs that carry a net current:

electron current: e h̄k
m × density

hole current: (−e) h̄(−k)
m × density

equilibrium state with a net current: Fermi sphere centered around mean
momentum mvD , say. Then no excitations can be created by scattering from
impurities (who conserve energy) and the ‘displaced Fermi sphere’ remains a
stable ground state.

Require that the change in energy due to the ‘moving Fermi sea’, (h̄k −
mvD)2/2m − (h̄k)2/2m ≈ −h̄k · vD, is small enough compared to the gap.
Leads to a condition for the drift velocity since |k| ≤ kF : h̄kF vD < ∆F

Microscopic origin of electron-electron interaction: coupling of electron
density to (positive) density of background lattice that is modulated when
phonons are present. Superconductivity occurs when this interaction is suf-
ficiently strong, hence for materials that in the normally conducting state are
fairly bad conductors.

Calculation of excitation spectrum. Consider an interaction energy that is
independent of the particle spin. Then the energy W (x− y) must be weighted
with the total densities Ψ†(x)Ψ(x) =

∑

s ψ
†
s(x)ψs(x) and

∑

s ψ
†
s(y)ψs(y). We

get

W =
1

2

∑

s,s′

∫

dx dy ψ†
s(x)ψ†

s′ (y)W (x − y)ψs′ (y)ψs(x) (5.88)

=
1

2V

∑

k,k′,q

∑

s,s′

a†
k′,sa

†
q−k′,s′W̃ (k′ − k)a

q−k,s′ak,s (5.89)

with Fourier transform of potential W̃ (k′ − k).
Model calculation with following simplifications:

The potential W (x − y) is short range so that it is only effective within the
“Friedel–Pauli hole”. Hence we need different spin states s′ = −s 6= s other-
wise the Pauli principle suppresses the interaction.
Consider only states near the Fermi energy, |k| ≈ kF with q − k ≈ −k and
q − k′ ≈ −k′ (or: keep only q = 0). These states have the same energy.

With these simplifications, Hamilton operator

H =
∑

k,s

ε(k)a†
k,sak,s −

1

2V

∑

k,k′

W̃ (k′ − k)
∑

s

a†
k′,sa

†
−k′,−sa−k,−sak,s
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Sign of interaction is redefined: positive W̃ (k′−k) now means attraction. (Sum
over spin variable s is trivial, gives a factor 2. Index s replaced by ↑ in the
following or suppressed.)

Key trick to diagonalize this Hamiltonian approximately: “Bogoliubov
transformation” (attention: do not confuse vk with a velocity.)

ak↑ = ukAk + vkB
†
k (5.90)

a−k↓ = ukB
†
k − vkAk (5.91)

with new fermionic operators Ak and Bk. (Anti)commutation relations are
preserved provided u2

k + v2
k = 1. Assume that uk, vk real, and even in k.

Key assumption: A† and B† create “quasiparticles” and the ground state
and its low-energy excitations are such that the quasiparticle numbersA†A and
B†B are small. Analogy to hole representation where a†a ≈ 1, but 1 − a†a =
B†B � 1. In fact, the Bogoliubov transformation is a generalization of the hole
representation.

Express Hamilton operator in these variables, use anticommutation rela-
tions to bring operators in normal order, and get

H =
∑

k

[

2ε(k)v2
k − ukvk∆k

]

(5.92)

+
∑

k

[

ε(k)(u2
k − v2

k) + 2∆kukvk

]

(A†
kAk +B†

kBk) (5.93)

+
∑

k

[

2ε(k)ukvk − ∆k(u2
k − v2

k)
]

(B†
kA

†
k +AkBk) (5.94)

+ 4th order terms (5.95)

∆k =
1

V

∑

k′

W̃ (k′ − k)uk′vk′ (5.96)

The ‘4th order terms’ not explicitly written here are proportional to A†AB†B
or other combination of four fermionic operators. We neglect them in the fol-
lowing.

To proceed, we choose the functions uk, vk such that the expression (5.94)
with the non-normally ordered operator products AB, B†A† vanishes. This is
achieved with

u2
k =

1

2

[

1 +
ε(k)

√

ε2(k) + ∆2
k

]

, v2
k =

1

2

[

1 − ε(k)
√

ε2(k) + ∆2
k

]

(5.97)

Putting this solution into expression (5.93), we find the following normal mode
frequencies for the operators Ak and Bk:

ε(k)(u2
k − v2

k) + 2∆kukvk = E(k) ≡
√

ε2(k) + ∆2
k

that appears in the Hamiltonian together with the number operators A†
kAk +

B†
kBk. We have thus found the part (5.87) of the Hamiltonian. The ground state

energy is given by the first line (5.92) and can be re-written in the form

EBCS =
∑

k

ε(k)[E(k) − ε(k)] − 1
2∆2

k

E(k)
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For large ∆ � ε, is it easy to see that this expression is negative. This is also
true for small ∆, as is found by expanding the square root. Hence, the in-
teractions lead to a lowering of the collective ground state of the system. As
explained above, the single (quasi)particle excitations start at a minimum en-
ergy minE(k) = E(kF ) = |∆(kF )| above the ground state. This is called a ‘gap’
in the spectrum.

So far, everything can be expressed in terms of the ‘gap function’ ∆k.
Putting the solutions for the Bogoliubov amplitudes into Eq.(5.96), we find the
integral equation

∆k =
1

2V

∑

k′

∆′
kW̃ (k′ − k)

√

ε2(k′) + ∆2
k′

=

∫

d3k′

2(2π)3
∆′

kW̃ (k′ − k)
√

ε2(k′) + ∆2
k′

(5.98)

To solve it, we assume that all relevant k-values are confined to the “Fermi
surface”, i.e., |k| ≈ kF and that ∆k = ∆F is constant there. In addition, we
replace W̃ (k′ − k) by a constant, W̃0. This can be justified by recalling that the
potential was assumed to be short-ranged on the scale λF = 1/kF of the Friedel
oscillations. Hence, its Fourier transform has a support much larger than kF

and can be replaced by its lowest order expansion around k′−k = 0 for values
of k′ − k with a maximum magnitude of 2kF . We also expand

ε(k′) ≈ h̄vF (k′ − kF )

and get

1 =
W̃0k

2
F

(2π)2

∫

dk′
√

(h̄vF )2(k′ − kF )2 + ∆2
F

(5.99)

We perform the integral (it gives an arsinh function) with the limits k′ = kF −
q . . . kF + q to achieve convergence, solve for ∆F and find

∆F =
h̄vF q

sinh(D/2W̃0)
, D =

2π2h̄vF

k2
F

=
2π2h̄2

mkF
(5.100)

This result has the interesting property that it is not analytical in the limit W̃0 →
0 (one is hitting the essential singularity of the exponential function at infinity;
∆F goes to zero faster than any power of W̃0). This is why it is often argued
that the Bogoliubov spectrum cannot be found with a perturbation expansion
in the interaction strength (this necessarily involves a power series in W ).

5.3.5 Coupling to a boson field: effective interactions

Examples: Electron-phonon coupling, leading to an attraction between elec-
trons of opposite spin (Cooper pair formation in superconductivity).

Interactions between electric point charges, due to the coupling to the quan-
tized electromagnetic field.

Interactions between charges in a plasma. The re-arrangement of the other
charges gives rise to “screening” and a reduced interaction at large distance.

Interactions between nucleons (neutrons and protons), due to the coupling
to the ‘pion field’. The pion has a mass, and therefore the interaction has a
finite range.

The weak interaction (between quarks and leptons), via a coupling to the
‘vector bosons’ W± and Z0. Again, an interaction of finite range because the
W± and Z0 are massive.
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Effective interaction via coupling to a boson field

Simple model (cheating a little bit) to describe the coupling between particles
that arises by exciting ‘virtual’ bosons. This mechanism is also operating to
create the Coulomb interaction between charges (photons are created virtually)
or the other interactions mentioned above.

Hamiltonian with bosonic operators aq, a†q and linear interaction:

H =
∑

q

ωqa
†
qaq −

∑

q

(Dqn−qaq + h.c.) +HF (5.101)

HF describes the ‘rest of the world’.
Justification for this coupling: operators aq, a†q involved in electric potential

ϕ(x). Interaction energy is proportional to eϕ(x)n(x) with the particle density
n(x). Passing to Fourier transform gives Eq.(5.101) with n−q the Fourier trans-
form of n(x).

Try to get rid of the terms linear in aq with the following transformation:

aq 7→ αq + aq (5.102)

For a more general transformation in the boson case, see the section on Bose-
Einstein condensation. With this shift, one preserves the bosonic commutation
relations (impossible for anticommutators!), provided αq commutes with aq,
a†q.

We get

H =
∑

q

ωqα
†
qαq (5.103)

+ . . . (5.104)

. . . incomplete section due to computer crash.

5.4 Appendix: second order perturbation theory

The Born–von Neumann series is an example of perturbation expansions that
occur very often in quantum mechanics. We recall here the general flavor of
such an expansion.

In the Born series, the wave function is expanded in a series in the scatter-
ing potential, with the energy held fixed. In many other cases, also the energy
is changed by some interaction Hamiltonian. We consider here this more gen-
eral setting. We keep to the stationary Schrödinger equation, however. Time-
dependent perturbation theory is needed later.

Suppose you have a quantum mechanical system described by the Hamil-
tonian

H = H0 + εV (5.105)

where H0 is the part you know already and εV is a “small potential” that one
wants to take into account.

The “part you know already” provides you with energies En and the cor-
responding eigenstates ψn. We suppose that these are normalized and restrict
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to the subspace spanned by these states (i.e., they form a complete basis):

〈ψn|ψm〉 = δnm, 1 =
∑

n

|ψn〉〈ψn| (5.106)

where 1 is the unit operator (on the chosen subspace).
The stationary Schrödinger equation one wants to solve is, of course,

0 = (H0 + εV )ψ −Eψ, (5.107)

where V is the ‘difficult’ part. We now seek the solution to (5.107) in the form
of a power series in ε:

E = E(0) +E(1) +E(2) + . . . , (5.108)
ψ = ψ(0) + ψ(1) + ψ(2) + . . . , (5.109)

where the terms with superscript (n) are of order n in ε. We insert this ex-
pansion into the Schrödinger Eq.(5.107), and require that this equation holds
“order by order” in ε. (This is an equality in a space of polynomials whose
coefficients are states/elements of the Hilbert space.) Taking terms up to the
second order, we have

0 = H0ψ
(0) −E(0)ψ(0) (5.110)

+ H0ψ
(1) + εV ψ(0) −E(1)ψ(0) −E(0)ψ(1) (5.111)

+ H0ψ
(2) + εV ψ(1) −E(2)ψ(0) −E(1)ψ(1) −E(0)ψ(2) (5.112)

+ . . .

Each line must be zero separately.
To zeroth order, we recognize the eigenvalue problem for H0. Hence, we

can take
ψ(0) = ψn, E(0) = En (5.113)

for some eigenfunction ψn. This one will be ‘perturbed’ by the potential εV .
To first order, we have, using the results of the zeroth order:

0 = H0ψ
(1) + εV ψn −E(1)ψn − Enψ

(1) (5.114)

To proceed, we project this equation onto ψn and observe that 〈ψn|H0|ψ(1)〉 =
En〈ψn|ψ(1)〉 becauseH0 can be made to “act to left” onto its eigenvector. Hence
the only terms that remain from (5.114) give

E(1) = ε〈ψn|V |ψn〉 (5.115)

This the most useful result of perturbation theory: if you want to know the change
in energy of a quantum state ψn, evaluate the ‘diagonal matrix element’ of the pertur-
bation εV with respect to your state.

The information about the perturbed wave function can be found if we
project Eq.(5.114) onto the ‘other states’ ψm with m 6= n. Now, the third term
cancels because of orthogonality, Eq.(5.106). The first and last terms combine
to give (Em − En)〈ψm|ψ(1)〉, so that we finally get (here, the completeness of
the basis state is used)

ψ(1) = −
∑

m6=n

ε〈ψm|V |ψn〉
Em −En

ψm (5.116)
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— well, if the denominator Em − En is not zero. This case is treated in a note
below.

We thus see that the perturbed state is proportional, on the one hand, to the
“matrix elements” 〈ψm|V |ψn〉 of the perturbation. This is a typical feature of
quantum mechanics: if you want to generate some probability amplitude in a dif-
ferent (‘target’) state, you need an interaction Hamiltonian that has a nonzero matrix
element between your initial and target states. In addition: the probability ampli-
tude you get is large, if initial and target states are near in energy. It is difficult to
generate states with a very different energy.10

Finally, the second order: following the same procedure, one finds for the
energy shift:

E(2) = −
∑

m6=n

ε2 |〈ψm|V |ψn〉|2
Em −En

(5.117)

Here again, the denominator Em − En must not be zero. In words: second-
order energy shifts are proportional to squared matrix elements, and inversely
proportional to the difference in energy. The largest contributions come again
from nearly degenerate states ψm.

Two general comments can be made here. Let us specialize to the ground
state ψn = ψg where all energy differences Em − Eg > 0 for m 6= g. We then
find: E(2) < 0 because it is a sum of negative terms. Hence: any perturba-
tion (that vanishes in first order) when applied to the ground state lowers the
energy of this state.

Let us focus on two states ψg and ψe and assume that the state ψe is the only
one that is “coupled to ψg by the perturbation” (i.e., the matrix elements of εV
are nonzero only between these two states). Then the sum for the second order
shift (5.117) becomes a single term. This is the shift for the state ψg , E(2)

g .
We can also compute, within the same approximations, the energy shift for

the other state, E(2)
e . Since the same matrix elements are involved, we find that

E(2)
e +E(2)

g = 0 (5.118)

E(2)
e −E(2)

g = 2
ε2 |〈ψe|V |ψg〉|2

Ee −Eg
> 0 (5.119)

hence, the “mean energy” is not changed by the perturbation, and the differ-
ence in energy is increased. One says that the “levels are pushed apart” by the
perturbation. This is also a general feature.

What to do with ‘degenerate states’ with Em = En? The idea is to change the basis
in this subspace such that the perturbation εV contains only diagonal elements. In
the first-order equation

E
(1)
δmn = (Em −En) 〈ψm|ψ(1)〉 + ε〈ψm|V |ψn〉 (5.120)

we then have only two cases: either m = n, and one gets the first-order energy
shift (5.115). Or m 6= n, but then we simply have 0 = 0 since Em = En by assump-
tion and the off-diagonal matrix element 〈ψm|V |ψn〉 = 0 by construction because
the ψm,n are chosen as eigenvectors of V .

10That sounds like energy conservation. However, the “admixture” (5.116) to the original state
has, strictly speaking, a different energy. Sometimes, one is talking about a “virtual transition”, in
distinction to “real transitions” where energy must be conserved. In particular, the energy shift in
Eq.(5.117) is often said to be due to virtual transitions ψn → ψm.
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The sums in Eqs.(5.116, 5.117) then run only over those states which have a different
energy so that the denominators Em −En are never zero.
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