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Problem 5.1 – Bethe’s formula (8 points)

In the lecture, we have seen a sketchy derivation of the so-called Bethe formula
for the scattering phase shift δl(k) in a spherically symmetric potential U(r).
Provide a demonstration of the following equation

sin δl(k) = −
+∞∫
0

dr rjl(kr)ul(r)U(r), (5.1)

where ul(k) = rψl(r) is the radial wave function for the angular momentum l in
the potential U(r) and jl(kr) the spherical Bessel function. ul(r) is normalized
to the asymptotics

r →∞ : ul(r) = sin[kr − lπ/2 + δl(k)]. (5.2)

No guarantee for signs or factors of 2 in Eq.(5.1).

Problem 5.2 – Field theory for the Schrödinger wave function (12 points)

Recall from the mechanics lecture the Euler-Lagrange equations for a Lagrangi-
an density L that depends on fields φα and their spatial derivatives ∂iφα:

0 =
∂L
∂φα

−
∑

i

∂i
∂L

∂(∂iφα)
(5.3)

(a) Show that these equations yield the Schrödinger equation in a potential
V (x) when the following Lagrangian density is taken

L =
ih̄

2
(ψ∗∂tψ − (∂tψ

∗)ψ)− h̄2

2m

∑
i

(∂iψ
∗)∂iψ − ψ∗V ψ. (5.4)

Consider as independent fields the real and imaginary parts of the complex
wave function ψ.

(b) Show that the Lagrangian (5.4) changes its form when a ‘local phase
transformation’ is applied:

ψ′(x, t) = eiϕ(x,t)ψ(x, t). (5.5)
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But if the phase ϕ(x, t) is constant in space and time, the Lagrangian L′ is of
the same form as Eq.(5.4).

(c) For a non-relativistic point charge q, one has to make the ‘minimal coup-
ling’ replacements in the Lagrangian density

∂t 7→ ∂t +
iq

h̄
φ(x, t), ∂i 7→ ∂i −

iq

h̄
Ai(x, t), (5.6)

where φ and A are the electromagnetic potentials. Show that in this case, the
Lagrangian keeps its form when both the local phase transformation (5.5) and
a gauge transformation

φ′ = φ+ ∂tχ, A′
i = Ai − ∂iχ (5.7)

is applied. This is achieved for a special relation between the gauge function
χ(x, t) and the phase shift ϕ(x, t) that you are invited to identify.

This observation provides the basis for so-called gauge theories where local phase ‘covarian-
ce’ provides the ‘minimal coupling’ recipe for the interaction with the electromagnetic field.
From this viewpoint, a wave function with a nontrivial phase represents a charged partic-
le. Real wave functions correspond to neutral particles, for example, the vector 4-potential
Aµ(x) and the photon.
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