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Problem 7.1 – Pauli and Dirac matrices (12 + 5* points)

(a) The Pauli matrices satisfy the relations (i, j, k = 1, 2, 3)

σiσj = δij1+ iεijkσk (7.1)

Starting from this property, demonstrate the following statements:

[σi, σj] = 2iεijkσk, trσi = 0, (7.2)

{σi, σj} := σiσj + σjσi = 2δij, (7.3)

S =
1

2
[1 trS + σi tr (σiS)] for any 2 × 2 matrix S. (7.4)

If [S, σi] = 0 for all i, then S = c1 with a constant number c. (7.5)

(b) The basic properties of the Dirac (or gamma) matrices are (µ, ν =

0, 1, 2, 3)

• anticommutation rules
{γµ, γν} = 2gµν (7.6)

with gµν = diag(1,−1,−1,−1) the Minkowski metric;

• the matrices γ0 = β and γ0γi = αi (i = 1, 2, 3) are hermitean. (Why? They
appear in the Dirac Hamiltonian, i∂tΨ = HΨ.)

Starting from these properties, show that

(γ0)2 = 1, (γi)2 = −1, (αi)2 = 1, (7.7)

trαi = 0, tr γµ = 0, (7.8)

the dimension of the matrices γµ is even and at least four if one is

looking for four linearly independent matrices. (7.9)

(c) Consider the following set of matrices

J3 =
i

2

[
γ1, γ2

]
(7.10)
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with J1, J2 defined by cyclic permutations. They are hermitean. Try to show
from (7.6) that these matrices obey the commutation relations for an angular
momentum operator

[J1, J2] = ciJ3 (7.11)

with a real number c to be fixed and similar relations for cyclic permutations.
(Bonus points.) If you do not succeed from Eq.(7.6) alone, use the explicit form
of the Dirac matrices given in the lecture. (No bonus points.)

Hint. J3 = iγ1γ2 is equally true and easier to work with.

Problem 7.2 – Current density (8 points)

(a) Prove from the Dirac equation (h̄ = c = 1)

i∂tΨ =
(
mγ0 − iαk∂k

)
Ψ (7.12)

the equation of continuity for the probability:

∂tn+ ∂kj
k = 0 with

{
n = Ψ†Ψ

jk = Ψ†αkΨ
(7.13)

(b) In the lecture or in the textbooks, you can find the following plane wave
solutions to the free Dirac equation:

ΨP =

(
ψ

χ

)
=

(
cosh(β/2)ψ0

σ · n sinh(β/2)ψ0

)
(7.14)

ΨA =

(
σ · n sinh(β/2)χ0

cosh(β/2)χ0

)
(7.15)

where ψ0 and χ0 are normalized, but otherwise arbitrary 2-spinors. The unit
vector n and the number β (not a Dirac matrix!) are related to the 3-
momentum: p = mn sinh β.

Compute the probability current jµ = ΨγµΨ = Ψ†γ0γµΨ for these states.
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