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Problem 1.1 – Mixed states (8 points)
We recall that the “purity” P of a mixed state ρ is defined by P = tr ρ2 ≤ 1
where tr is the trace. A state is pure if and only if P = 1. The “information (or
von Neumann) entropy” η of a mixed state is given by the quantum version of
the Shannon information,

η = −〈log ρ〉 = −tr (ρ log ρ) (1.1)

where the log is the natural logarithm. (If entropy or information is measured
in bits, the logarithm to base 2 has to be taken.) A state is pure if and only if
η = 0.

(a) Compute the purity and the information entropy of a two-level system in
a thermal state. Discuss both as a function of temperature.

(b) The Boltzmann entropy S, within the canonical ensemble, is given by
the derivative of the free energy (we set kB = 1)

S = −∂F
∂T

=
∂

∂T
[T log tr exp(−H/T )] (1.2)

where H is the system Hamiltonian. Show that for a broad class of quantum
systems in a thermal state, information entropy and Boltzmann entropy are
the same. (Fix signs and normalizations if necessary.) What assumptions are
needed to derive this result and can you find an example where they are not
satisfied? (3 bonus points)

Problem 1.2 – Pure and mixed states (12 points)
In the lecture, we have seen the thermal state of a two-level system as an ex-
ample of a mixed state. Other mixed states arise naturally when a system is
coupled to another system, or “entangled” with it. This problem illustrates
both cases.

(a) The following state describes a pair of two-level atoms that “share” one
quantum of excitation (a so-called “singlet state” or “Bell state”):

|Bell〉 =
1√
2

(|g, e〉 − |e, g〉) (1.3)

where the first and second entries in the kets give the states for the first and
second atom. Argue that the information entropy [Eq.(1.1)] of this state is zero.
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Compute the reduced density matrix of the first atom and show that it is not
pure. Show that its information entropy is equal to its maximum value, log 2.
This is an example of a “maximally entangled state”. The information entropy
of the reduced density matrix is a quantitative measure for the entanglement
between the two atoms.

The reduced density matrix of atom 1 is ρ1 = tr2|Bell〉〈Bell| where tr2 is the “partial trace”
over a complete basis for atom 2.

(b) The Bloch equations for a two-level system driven by a laser and coupled
to the quantized radiation field are given by (we shall find this in the lecture):

ds

dt
= −(γ + iδ)s+ i(Ω/2)s3 (1.4)

ds3

dt
= −2γ(s3 + 1) + iΩ(s− s∗) (1.5)

where s = (s1 − is2)/2, Ω is the Rabi frequency, δ = ωL − ωA the laser detuning
and 2γ the spontaneous decay rate of the excited state.

Find the stationary solution of these equations

sss =
−i(Ω/2)(γ − iδ)

γ2 + δ2 + Ω2/2
(1.6)

s3,ss =
−(γ2 + δ2)

γ2 + δ2 + Ω2/2
(1.7)

and compute the purity of the corresponding density matrix. Plot this quantity
as a function of the laser detuning δ.

Recall the relation P = (s2 + 1)/2 between purity and Bloch vector s.

(c) (5 bonus points) If one tried to represent the stationary state described
by Eqs.(1.6, 1.7) by a thermal state, what temperature T and what system
Hamiltonian H should one take? Work at least to first order in γ and compare
to the atom+laser Hamiltonian HAL = −1

2
h̄δσ3 + 1

2
h̄Ω(σ + σ†). (Check first

the consistency between this Hamiltonian and the Bloch equations, using the
Heisenberg picture for the spin vector σ with s = 〈σ〉.)
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