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Problem 3.1 – Completely positive maps (5 points)
Show that the Kraus form for a dynamical map,

ρ 7→ Λ(ρ) =
∑
k

ΩkρΩ†k,
∑
k

Ω†kΩk = 1 (3.1)

(i) preserves the trace of ρ and (ii) defines a completely positive map.
Hint. The canonical extension of the dynamical map (3.1) to density operators P acting on
a larger Hilbert space is P 7→

∑
k(Ωk ⊗ 1)P(Ω†

k ⊗ 1). See also Nielsen & Chuang, Quantum
Computation and Quantum Information (Cambridge University Press 2000).

Problem 3.2 – Normalization of Kraus operators (5 points)
(i) Consider first the extension of the dynamical map Λ to “skew operators”,
mentioned in the lecture:

Λ(|ψ〉〈χ|) =
1

2
[Λ(ρ+1)− Λ(ρ−1) + i Λ(ρ+i)− i Λ(ρ−i)] (3.2)

ρu =
1

2
(|ψ〉+ u|χ〉) (〈ψ|+ u∗〈χ|) , |u| = 1 (3.3)

Compute the trace of ρu and prove that

tr Λ(|ψ〉〈χ|) = 〈χ|ψ〉 (3.4)

so that the extended dynamical map preserves probability amplitudes.
(ii) In the lecture, we constructed the Kraus operators Ωk, but did not check

their normalization. Take matrix elements of the second Equation in (3.1) and
show that Eq.(3.4) ensures the normalization of the Ωk’s of the lecture.

Problem 3.3 – Reduced density matrix evolution (5 points)
Consider a composite quantum system that starts in the disentangled (“factor-
ized”) state ρSB(0) = ρ(0)⊗ ρB and show that the reduced density matrix, after
Hamiltonian evolution over time t, is given by

ρ(t) = trB

[
USB(t) ρ(0)⊗ ρB U

†
SB(t)

]
(3.5)

where USB(t) is a unitary operator and “tr” means the (partial) trace over the
degrees of freedom of the “bath” B. This equation (the “Nakajima-Zwanziger
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projection formula”) defines a mapping ρ(0) 7→ ρ(t) which is a completely pos-
itive map, whatever the system+bath Hamiltonian.

To prove this, assume a diagonal form for the bath state

ρB =
∑
λ

pλ|λ〉〈λ| (3.6)

and check that the system operators Ωλµ(t), defined by their matrix elements as

〈a|Ωλµ(t)|b〉 = 〈a, µ|USB(t)|b, λ〉√pλ , (3.7)

provide the Kraus form of the Nakajima-Zwanziger map. Check in particular
the normalization of the Kraus operators.

Problem 3.4 – Completely positive evolution of a spin (5 points)
The following equations provide a solution to the Bloch equations for a two-
level system that decays spontaneously to the ground state:

s(t) = e−(Γ+iω)ts(0) (3.8)
s3(t) = −1 + e−2γt [s3(0) + 1] (3.9)

(i) Using the link between the Bloch vector and the density operator, compute
ρ(t) and show that it linearly depends on the initial matrix elements ρab(0)
(a, b = e, g). This defines a positive map ρ(0) 7→ Λ(ρ(0)) between density matri-
ces (as we shall see in the lecture, no proof required at this stage).

(ii) Argue that the following shortcut provides the action of the dynamical
map on skew operators:

Λ(|a〉〈b|) =
∂ρ(t)

∂ρab(0)
(3.10)

and compute the four “density matrices” Λ(|e〉〈e|), Λ(|e〉〈g|), Λ(|g〉〈e|), and
Λ(|g〉〈g|).

(ii) In the proof of the Kraus theorem, we had to apply the extension Λ2 of
this map to an entangled state in the doubled Hilbert space: |φ〉 = |g, g〉+ |e, e〉,
with the result

P := Λ2(|φ〉〈φ|) =
∑
a,b

Λ(|a〉〈b|)⊗ (|a〉〈b|) (3.11)

Show that in a suitable basis, this can be written as the 4× 4 matrix, known as
Choi matrix (5 bonus points)

P =


e−2γt 0 0 e−(Γ−iω)t

0 1− e−2γt 0 0
0 0 0 0

e−(Γ+iω)t 0 0 1

 (3.12)

with no guarantee for the signs. Find the eigenvalues of this matrix and check
that they are non-negative provided Γ ≥ γ.
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