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Problem 5.1 – Lagrangian and Hamiltonian electrodynamics (0 points)
An educated guess for the Lagrangian of electrodynamics is (the fields are
given by the potentials in the usual way)

L =

!
dV L(A, Ȧ, !) (5.1)

L =
"0

2
E2 ! 1

2µ0
B2 + j · A! #! (5.2)

This is a scalar with respect to rotations, its time integral (action) is invari-
ant under Lorentz transformations and invariant under gauge transforma-
tions provided charge is conserved ($t# + " · j = 0). And it generates
the Maxwell equations, of course. The momentum field conjugate to A is
! = $L/$Ȧ = !"0E. Repeat the exercise in the Hamiltonian formulation.

Problem 5.2 – Polarization sub-space (8 points)
In the lecture, we have worked with polarization vectors ekµ orthogonal to
a given wave vector k. (i) In spherical coordinates, one can write k =
k(sin % cos !, sin % sin !, cos %). Construct two real transverse polarization vec-
tors (call them eks, ekp) that are mutually orthogonal. Do (k, eks, ekp) or
(k, ekp, eks) form a right-handed Dreibein? (How do you check it?) (ii) Work
out what happens to the polarization vectors when you flip the sign of k. (iii)
Construct the circular polarization vectors (& = ±1)

ek! =
1#
2

(ekp + i& eks) , (5.3)

work out k$ ek! and check that e!k! = (ek!)". (iv) Check the following equal-
ities for the matrix elements of the projector onto the subspace orthogonal to k
(symbolic computation with MathematicaTM or MapleTM is allowed)

Pij = 'ij !
kikj

k2
=

"

µ=s, p

ekµiekµj =
"

!=±1

ek!i(ek!j)
" (5.4)
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Problem 5.3 – Transverse delta function (6 points)
In the lecture, we have encountered the so-called ‘transverse '-function’ '#ij(x).
It defines the following linear map on the space of vector fields

trans : F %& F$ = transF, F $
i (x) =

!
d3x$

"

j

'#ij(x! x$)Fj(x
$) (5.5)

This map has the following properties

transF is transverse (5.6)
if F is transverse, then transF = F (5.7)
for F = "!, trans"! = 0 (5.8)

'#ij(x) =

!
d3k

(2()3
eik·x#'ij !

kikj

k2

$
(5.9)

'#ij(x) = 'ij'(x) +
1

4(

$2

$xi$xj

1

|x| (5.10)

(i) Show that Eq.(5.9) correctly implements the properties (5.6–5.8) by work-
ing with the spatial Fourier transform of the vector function F.

(ii) Prove Eq.(5.10) by analogy to a gauge transformation: be F a (suffi-
ciently smooth) vector field. Find a ‘gauge function’ ) such that F$ := F +")
is transverse.

Hint. The ‘gauge function’ is the solution to an inhomogeneous Laplace equation.

Problem 5.4 – Vacuum energy and the wrongest formula (6 points)
The vacuum energy of the electromagnetic field is what remains of the field
Hamiltonian when there are no photons ('a†kµakµ( = 0). The sum of the vac-
uum energy over all modes kµ is potentially divergent, but it is physically
important, for example in general relativity (any energy density is a source of
gravitational fields), for dark energy, and for the Casimir effect.

(i) To estimate the vacuum energy of the universe, translate the sum over k-
vectors in a finite volume into an integral. (ii) Find a cutoff at large k so that the
vacuum energy density equals the critical (energy) density of the universe )
10!29 c2 g cm!3. (iii) An intuitive cutoff is given by wavelengths corresponding
to the Planck scale 10!35 m, where the geometric structure of spacetime itself
becomes a quantum field. (iv) Compare the results of (ii) and (iii).
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