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Problem 6.1 – Tracing the Fock-Hilbert space (7 points)
In the lecture, we have seen the density operator for a thermal radiation field,

!̂ =
e−βĤ

Z
(6.1)

where " = 1/kBT > 0, Ĥ =
∑

κ Eκn̂κ is the Hamiltonian of the field, expressed
in photon energies Eκ = h̄#κ and photon number operators n̂κ.

(1) The partition function (Zustandssumme) Z is the trace over the Fock-
Hilbert space of the Boltzmann factor

Z = Tr e−βĤ (6.2)

We have seen that a basis for the Fock-Hilbert space is given by the number
states |n1 . . . nκ . . .〉 = |{nκ}〉 where the occupation numbers n1, . . . give the
photon number for all modes. Write down the trace in Eq.(6.2) explicitly. How
many sums need to be taken here?

(2) Show that the partition function for a thermal state factorises into a
product over modes

Z =
∏

κ

∑

nκ

e−βEκnκ =
∏

κ

(
1− e−βEκ

)−1
=

∏

κ

Zκ (6.3)

Check that the zero-point energy (1
2Eκ per mode) drops out of the density op-

erator ! defined in Eq.(6.1). Check that the logarithm of Z is an extensive
quantity (proportional to the free energy of the field).

(3) Convince yourself of the formula that we used to calculate the thermal
correlation function

〈a†
κaλ〉T =






∑

κ,λ

〈nκ|a†
κ

e−βEκn̂κ

Zκ
|nκ〉〈nλ|aλ

e−βEλn̂λ

Zλ
|nλ〉, $ $= %

∑

κ

〈nκ|a†
κaκ

e−βEκn̂κ

Zκ
|nκ〉, $ = %

(6.4)
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Problem 6.2 – Quantized electric field and dipole interaction (7 points)
In the first chapter, we have seen that the change from minimal coupling (p.A
interaction) to the electric dipole coupling (d.E interaction) can be made with
a phase transformation on the wave function of matter. In the quantum field
theory, this phase transformation involves the field operator Â(0) where 0 is
the centre of the atomic charge density. Show that this transformation com-
mutes with the vector potential and transforms the electric field as follows

S = exp[−(i/h̄)d̂ · Â(0)], (6.5)
S Ê(x)S† = Ê(x)− P̂⊥(x)/&0 (6.6)

where P̂⊥(x) is the transverse part of the polarization field P̂(x) = d̂'(x).
Trick: Consider the operator d̂ · Â(0) =

∫
dV P̂ · Â, work out its commutation

relation with E(x) and use the formula eAB e−A = B+[A, B]+(1/2!)[A, [A, B]]+
. . .

This analysis can be pushed further (see the book by Cohen-Tannoudji, Dupont-Roc and
Grynberg) to make the electric dipole coupling appear in quantum electrodynamics. More
precisely, the mode expansion for the electric field operator (in the minimal coupling
scheme) represents the displacement field in the electric dipole coupling.

Problem 6.3 – Spontaneous emission (6 points)
(1) Look up the lifetime 1/( of the excited states of the hydrogen atom and of
a typical alkali atom like sodium. (2) Check that the ratio between the decay
rate ( and the Bohr frequency #A to the ground state scales with

(

#A
∼ )3

fs (6.7)

where )fs = e2/4*&0h̄c is Sommerfeld’s fine structure constant. This makes
atoms (in the gas phase) oscillator of “high quality”. (3) Check for other phys-
ical systems with a resonant behaviour who show such a high quality factor.

Problem 6.4 – Vacuum energy (0 points)
Collect over the holiday break a few suggestions how to handle the problem
of vacuum energy in physics.
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