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r Problem 3.1 – Thermodynamic entropy and information (7 points)

Consider a quantum system with discrete states described by the density matrix ⇢ (a
hermitean, positive definite matrix with trace tr ⇢ = 1). The von Neumann entropy of
⇢ is defined by analogy to the Shannon information as

SvN(⇢) = �
X

n

pn log pn =: �tr (⇢ log ⇢) (3.1)

where pn are the eigenvalues of ⇢. (i) Show that SvN(⇢)  log 2 for a two-state system;
the maximum is reached if both states occur with equal probability. (ii) Show that
U⇢U † has the same entropy as ⇢ where U is a unitary matrix. Conclude that for a
closed system, entropy is conserved. (iii) The thermodynamical entropy is given in
terms of the canonical partition function Z (kanonische Zustandssumme) by

Std =

@

@T
(T logZ) (3.2)

Show that this entropy coincides with the von Neumann entropy for a system in thermal
equilibrium. Calculate this quantity for a two-level system and sketch it as a function
of temperature.

Note. The partition function in the canonical ensemble is defined by Z = tr exp(�H/T ) where T
is the temperature and H the system Hamiltonian (a hermitean, positive semi-definite matrix) (we
measure T in energy units and set kB = 1). In thermal equilibrium, the system density matrix is
⇢ = Z�1

exp(�H/T ).

r Problem 3.2 – Pure and mixed states (7 points)

In the lecture, we have introduced ‘pure states’ whose density operators ⇢ are projec-
tors,

pure: ⇢ = | ih | (3.3)

and ‘mixed states’ where ⇢ cannot be written in this form. (i) Consider all state vectors
| i that give by Eq.(3.3) the same density matrix ⇢. Show that this condition defines
an equivalence relation and give a parametrization of the equivalence class for a given
representative state | i. (ii) Consider the eigenvectors and eigenvalues of ⇢, i.e.,

⇢|'ni = pn|'ni (3.4)
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Remember why we can assume that the eigenvectors are orthogonal and normalized,
and that the eigenvalues

pn = h'n|⇢|'ni (3.5)

are real numbers between 0 and 1. Describe in words the spectrum of ⇢ when ⇢ is a
pure state. (iii) A convenient way to distinguish pure and mixed states is the so-called
purity:

Pu(⇢) =
tr (⇢2)

(tr ⇢)2
(3.6)

where the denominator is often not written explicitly (why?). Show that Pu(⇢) = 1 if
and only if the state ⇢ is pure. Prove also the lower limit Pu(⇢) � 1/D where D is the
dimension of the Hilbert space on which ⇢ operates.

r Problem 3.3 – To know and not to know (6 points)

(i) Mixed states appear when the information about the preparation of a system is
incomplete. Consider as an example the ‘Mercedes star’ procedure where with proba-
bility 1/3 one of the qubit states

| ni = cos ✓n|0i+ sin ✓n|1i , ✓n = n
2⇡

3

, n = 1, 2, 3 (3.7)

is prepared. Argue why the density operator for this preparation procedure is given by

⇢⇤ =
3X

n=1

1

3

| nih n| (3.8)

and show that ⇢⇤ =

1
2 , also known as ‘complete mixture’. Generalize your result

to an angular shift ✓n = ↵ + n2⇡/3 and to a ‘star’ formed by n � 3 states. (ii) In
(quantum) information theory, the mixing of two states ⇢1 and ⇢2 is described by so-
called ‘convex sums’

⇢ = p⇢1 + (1� p)⇢2 , 0  p  1 (3.9)

which are also generalized to an arbitrary number of terms provided the coefficients
sum to unity. To develop some geometrical intuition, replace ⇢1, ⇢2, . . . by position
vectors in 2 or 2. Show that the convex sum of Eq.(3.9) becomes the ‘straight line’
that connects the ‘end points’ ⇢1, ⇢2 and that a convex sum with three terms generates
the inner surface of a triangle.
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