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Einführung in die Quantenoptik I
Wintersemester 2016/17
Carsten Henkel

Problem Set #5 Hand out: 06 December 2016
Hand in: 03 January 2017

Problem 5.1 – Thermal entropy and information (7 points)

Consider a quantum system with discrete states described by the density matrix
⇢ (a hermitean, positive definite matrix with trace tr ⇢ = 1). The von Neumann

entropy of ⇢ is defined by analogy to the Shannon information as

SvN(⇢) = �X
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=: �tr (⇢ log ⇢) (5.1)

where p
i

are the eigenvalues of ⇢. (i) Show that U⇢U † has the same entropy
as ⇢ where U is a unitary matrix. Conclude that for a closed system, entropy is
conserved.

(ii) The thermodynamical entropy is given in terms of the canonical partition
function Z (kanonische Zustandssumme) by (we set k

B

= 1)

Std =

@

@T
(T logZ) (5.2)

Show that this entropy coincides with the von Neumann entropy for a system in
thermal equilibrium. Calculate this quantity for a two-level system and sketch
it as a function of temperature.

Note. The partition function in the canonical ensemble is defined by Z = tr exp(�H/T )

where T is the temperature and H the system Hamiltonian (a hermitean, positive semi-
definite matrix). In thermal equilibrium, the system density matrix is ⇢ = Z�1

exp(�H/T ).

Problem 5.2 – Dark states (8 points)

Consider a three-level system of the ‘⇤-type’ de-
scribed by the following (effective) Hamiltonian

He↵ = h̄
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(1) Identify the choice of basis states and explain the physical meaning of this
Hamiltonian. The term �ih̄� is a simple model for the instability of an excited
state with lifetime 1/�.

(2) Show that He↵ has an eigenvector |darki in the sub-space spanned by
|ai, |bi whose energy is real. This state is ‘dark’ in the sense that the action of
the atom-light coupling

V
AL

=

h̄

2

{⌦1|aihe|+ ⌦2|bihe|}+ h.c. (5.4)

gives zero: V
AL

|darki = 0.
(3) Work out the dark state in the limiting cases ⌦1 ⌧ ⌦2 and ⌦2 ⌧ ⌦1 and

speculate about what happens in a ‘counter-intuitive pulse sequence’ (check the
web!): the goal is to transfer atoms from state |ai to |bi, and one starts with a
laser pulse that drives the b $ e transition.

Problem 5.3 – Thermal radiation, qualitatively (8 points + 5 bonus points)

For the following discussion, you may use that a temperature T corresponds to
a characteristic wavelength �

T

= h̄c/k
B

T (Wien’s displacement law), at least
for massless particles. In thermal equilibrium, these particles appear with an
energy density u ⇠ k

B

T/�3
T

.
(1) Convince yourself that the energy the Earth receives from the Sun by

radiation (per day, per area) is exactly balanced by the (thermal) radiation of
the Earth. What is not exactly balanced is the entropy �S = �Q/T (Clausius).
Look up the key word ‘solar constant’ and estimate the amount of entropy the
Earth is losing into space (per day, per area). Normalized to k

B

log 2, this is the
amount of information the Earth is receiving from the Sun. Compare over a
time scale of 109 years with the amount of information in the genetic code of
the biomass on Earth. (Attention, this is a controversial subject.)

Citation noted by H. M. Nussenzveig [Phys. Scr. 91 (2015) 118001]:
Boltzmann had already noted this in 1875:
‘The general struggle for existence of animate beings is not a struggle for
raw materials—these, for organisms, are air, water and soil, all abundantly
available—nor for energy which exists in plenty in any body in the form
of heat, but a struggle for [negative] entropy, which becomes available
through the transition of energy from the hot sun to the cold earth’ [in
“The Second Law of Thermodynamics”].
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(2) When the Universe was about three minutes old, it was in thermal equi-
librium so that the thermal energy k

B

T
e

was comparable to the rest mass of
the electron. Estimate this temperature and the corresponding energy density.
Which particles existed in significant numbers in this epoch?

(3) Consider protons and neutrons at the temperature of (2) and speculate
why the ratio exp[(m

n

�m
p

)c2/k
B

T
e

] gives an idea of the ratio between proton
and neutron densities. How big is the number?

Problem 5.4 – Vacuum energy (7 points)

In the energy of the quantized radiation field, we often ‘neglect’ the contribution
of the zero-point energy of each field mode, given by 1

2 h̄!k

per mode. This
‘small term’ leads, in the vacuum state of the electromagnetic field, to an energy
density uvac that depends on the cutoff wavenumber k

c

as follows

uvac = Ch̄ck4
c

(5.5)

where C is a numerical constant ‘of order unity’. (1) Fix the cutoff at the energy
scale EGUT = h̄ck

c

for the ‘unification’ of the fundamental interactions (except
gravity, look up the keyword ‘grand unified theory’) and make an estimate for
the corresponding vacuum energy. Express this number in proton masses (times
c2) per cubic meter.

(2) Somebody told you that the density of ‘dark energy’ in the vacuum (re-
sponsible for the accelerated expansion of the Universe, Nobel prize in physics
2011) is of the order of one proton rest mass (times c2) per cubic meter. Find
out more details on this and compare to the energy density of the cosmic mi-
crowave background (i.e., in our epoch).

(3) Look up the length scale `Planck for the unification of gravity, relativ-
ity, and quantum theory and compare the vacuum energy corresponding to
`Planck = 1/k

c

to case (1).

The vacuum energy density predicted by quantum electrodynamics (one of the simplest
quantum field theories) is very, very different from that attributed to dark energy, and there
is no good explanation yet for this.


