
Theoretische Physik III (Lehramt)
- WiSe 2018/2019 -

Übungsblatt 02 (20 + π + e+ γ Punkte)1

Ausgabe 23.10.18 – Abgabe 09.11.18 – Besprechung 09.11.18
Aufgaben mit Sternchen sind Klausurisomorph

. Aufgabe 1 (Queen on board) 3 Punkt

Um die Königin auf einem 8×8 Schachbrett zu lokalisieren benötigt man Ja/Nein-Antworten
auf

64/2 = 32 Fragen im Mittel
√

64 = 8 Fragen

exactly log2(64) = 6 Fragen

Bemerkung: Das ist ein Klassiker den Sie vielleicht aus Ihren Schultagen kennen . . .

. Aufgabe 2 (Data base search) 3 Punkt

Um einen bestimmten Eintrag in einer unstrukturierten Datenbank mit N Einträgen zu
finden, benötigt man im Mittel

N/2 Anfragen
√
N Anfragen

log2N Anfragen

Bemerkung: Denken Sie daran, den Namen zu einer Telephonnummer im Telefonbuch zu
finden, wenn Sie nur die Telefonnummer kennen . . .

. Aufgabe 3 (Daimler-Benz) (4 scores)

Alice prepares a qubit in the up-state | ↑i〉 with respect to one out of three possible quan-
tization axis ~ai, i = 1, 2, 3, where the ~ai form a co-planar “Mercedes-Stern”,

3∑
i=1

~ai = 0 , (1)

and sends the qubit to Bob. Bob knows the possible directions ~ai, but he does not know
which particular direction Alice has chosen. What is his initial level of ignorance? How
much could he expect to learn about Alice’s choice, and what is his optimal strategy?

1Aufgaben mit transzendenter Punktezahl sind fakultative Nüsse. Nüsse sind bekanntlich nahrhaft . . .
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. Aufgabe 4 (W(h)i(t)ch-path detection) (10 Punkte)

We consider a Young double slit experiment for spin-1
2

particle. We assume some magnetic
field behind one of the slits – the slit on the right side, say. As we shall see the magnetic
field – although it has no impact on the motional state of the atoms – may have a severe
impact on the interference pattern of the double slit.

The particles impinge in some definite spin state | ↑z〉. Behind the double slit the state
vector reads

|Ψ〉 =
|l〉 ⊗ | ↑z〉+ |r〉 ⊗ | ↑a〉√

2
, (2)

where |l〉 (|r〉) is the translational state of particles which passed through the left (right) slit
(with the other slit closed), and ↑a is the rotated spin state of particles which passed through
the right slit. In the position representation the translational states are l(x) := 〈x|l〉 ∝ eikx,
r(x) := 〈x|r〉 ∝ e−ikx.

The state vector (2) is that of an entangled state, yet it is not written in the form of a
Schmidt decomposition. In contrast to the motional state “passage though the left slit” |l〉
and “passage through the right slit” |r〉, which are true alternatives, 〈l|r〉 = 0, the spin
state are not necessarily orthogonal.

(a) Compute the Schmidt decomposition of Eq. (2). Confirm

|Ψ〉 =
√
p|φ+〉 ⊗ | ↑c〉+

√
1− p|φ−〉 ⊗ | ↓c〉 (3)

where ~c = (~z + ~a)/‖~z + ~a‖ is a spatial unit vector, |φ±〉 = (|r〉 ± |l〉)/
√

2. What is p
expressed in terms of ~a, ~z?

(b) The particles impinge on a detection screen (a CCD camera, say) which is not sensitive
to the spin state. Compute the probability density I at point x on the detection screen.
Confirm

I(x) ∝ |l(x)|2 + |r(x)|2 + βl(x)∗r(x) + β∗r(x)∗l(x) . (4)

where
β = 〈↑z | ↑a〉 . (5)

(c) The density I diplays an interference pattern, the modulation depth of which, called
fringe contrast, depends sensitively on the spin-state overlap β. Using the definition
of the fringe contrast

γ :=
Imax − Imin

Imax + Imin

(6)

please confirm
γ = |β| . (7)

For maximally distinguishable spin states β = 0, the contrast is zero and the interference
pattern turns into the distribution of classical point particles. For indistinguishable spin
states, β = 1, contrast is maximal, i.e. the density distribution is “maximally quantum”.
Note that the reduction in contrast takes place even though, in our model, the particle’s
motion is not influenced by the magnetic field.
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Yet spin measurement may reveal information about the slit each invidual particle took
before reaching the screen, called which-path-information. The more which-path informa-
tion we can extract, the lower the fringe contrast, and concomitantly, the more “classical”
the density distribution.

(d) Use the rules of elementary quantum mechanics to confirm

Prob(l, ↑z) = 1
2
, Prob(r, ↑z) = 1

2
q , (8)

Prob(l, ↓z) = 0 , Prob(r, ↓z) = 1
2

(1− q) . (9)

where q = |β|2.

(e) Infer Prob(↑z) = 1
2
(1 + q), Prob(↓z) = 1

2
(1− q), and the conditional probabilities

Prob(l| ↑z) =
1

1 + q
, Prob(r| ↑z) =

q

1 + q
, (10)

Prop(l| ↓z) = 0 , Prob(r| ↓z) = 1 . (11)

(f) The conditional probabilities, in turn, can be quantified in terms of conditional entro-
pies. Cofirm that the residual uncertainty, which remains about the path given the
particle is detected with spin up, is given by

H(path| ↑z) =
1

1 + q
log2 (1 + q) +

q

1 + q
log2

(
1 + q

q

)
, (12)

while H(path| ↓z) = 0, because ↓z can only be found for particles which took the
right slit.

(g) The initial level of ignorance about the path is Hinitial = 1bit. The average level of
ignorance which remains after a spin measurement is Hfinal = Prob(↑z)H↑ + Prob(↓z
)H↓. The average information gain Iav = Hinitial−Hfinal. Compute Iav and summarize:
Information gain is maximal if the spin states ↑z, ↑a are orthogonal, q = 0. If the spin
states are parallel, q = 0, information gain is zero – in this case spin measurement
does not reveal any which-path-information.

Evidently, it is the mere presence of which-path information, and not the uncontrolled
scattering of a photon, say, which affects the spatial density distribution. The more we can
learn about the path, the more classical appears the distribution. The less we can learn
about the path, the more quantum appears the distribution.

In our model, the which-path information and fringe contrast is intimately linked to the
entanglement between the motional and spin degrees of freedom. The more entanglement,
the better the which-path measurement. The better the which-path measuremnt, the less
quantum the pattern. The less quantum the pattern, the more classical the distribution.
Entanglement may well destroy that what is most important – the coherence. In the present
case it destroys the coherence between the wave functions l(x) and r(x).

. Aufgabe 5 (Monty Hall) (π Punkte)
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Participating in a game show you have luckily reached the final round where you are given
the opportunity to collect your prize. The prize is hidden behind one of three doors, all of
which are closed. You are asked to point at that door behind which you expect the prize is
hidden. At that point, the door is not yet opened, but Monty Hall, the show master (who
knows where the prize is hidden), opens another door instead, behind which there is no
prize. He then asks you whether you insist on your initial choice or you rather prefer to
switch to the remaining door. Once you have announced your decision, the corresponding
door is opened, and you may take home whatever is behind that door (i.e. the prize, if you
are lucky, or nothing, if you are unlucky). How would you decide?

Background: The problem, which also runs under the name “goat problem” (the prize is
a goat), became famous when in the eighties, Marilyn von Savant presented the correct
solution in the Scientific American. Her solution was fiercly attacked by even the most
prestigeous experts in statistical analysis, who – in the end – were all wrong and Marilyn was
all right. Meanwhile, the game has been quantized – see The Quantum Monty Hall Problem
by G. M. D’Ariano, R. D. Gill, M. Keyl, B. Kümmerer, H. Maassen, and R. F. Werner,
Quant. Inf. Comp. 2 (2002), 355.

. Aufgabe 6 (Berlin or Potsdam) (e Punkte)

Imagine yourself in any of two cities B or P , not knowing which city you are in. You know
however, that all citizens of B are consistent liers, and all citizens of P are consistent in
telling the truth. Unfortunately, citizens can freely commute between B and P , so its hard
to tell whom you are talking to.

(a) What is your initial level of ignorance about the city you are in?

(b) How can you find out which city you are in?

(c) How can you find out whom you are talking to?

Analyse the complexity of you interrogation in terms of Shannon entropies.

. Aufgabe 7 (Benford’s Law) (γ scores)

Look at the numbers in any newspaper, more specifically at all the numbers anywhere in
the text, which are larger than 1000, and are not years, prices of goods in advertisements,
or telephone numbers (but, for example, statistical data, like number of citizen in town
etc). Take a note of the first digit of each number, and count the relative frequencies of the
digits.

“Benford’s Law” claims that the digit “1” appears in such an ensemble with frequency
≈ 30%, whereas “9” appears only with frequency ≈ 5%. Confirm and explain.

Hint: If you have no newspaper at hand, make the following experiment: think of a large
number N (like N = 277465890); write down all numbers between 0 and N ; determine
the relative frequency of those numbers, whose leading digit is 1; repeat the experiment a
couple of times (say 100 times) in order to accumulate some statistics. This should confirm
the Benford law. But still – you have to think of an explanation . . .
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