
- Introduction to General Relativity and Cosmology (Winter 2019/20) -
Problem set No 02

Emission Oct 28 – Digestion Nov 11 2019

. Aufgabe 1

Considering a collection of N celestial bodies, according to Newton’s theory of gravitation
the acceleration of body A is given by

MA~̈rA = −
∑

B,B 6=A

GMAMB

|~rA − ~rB|2
~rA − ~rB
|~rA − ~rB|︸ ︷︷ ︸

:=~eAB

(1)

with G the gravitational constant, MA the mass of body A, ~rA ≡ ~rA(t) the body’s position
at time t, and ~eAB ≡ ~eAB(t) a spatial unit vector pointing from B to A.

(a) Derive the conservation law d
dt
E = 0 for the total energy E = T + V , with T the

kinetic energy

T =
∑
A

1

2
MA~v

2
A (2)

and V the potential energy

V = −1

2

∑
A

MA

∑
B,B 6=A

GMB

|~rA − ~rB|︸ ︷︷ ︸
:=−Φ(~rA;t)

(3)

(b) The quantitity Φ(~x; t) dentoes the gravitational potential of the collection, the body
A excluded, with the parametric time dependence due to the motion of these bodies.
The quantitiy MAΦ(~rA; t) denotes the potential energy of body A in the gravitational
field of that subset. Reassure yourself, that the body A equation of motion can be
written

MA~̈rA = − ~∇Φ(~x; t)
∣∣∣
~x=~rA

(4)

with ~∇ the Gibbs Nabla differential operator, ~∇Φ =

 ∂xΦ
∂yΦ
∂zΦ

.

(c) Convince yourself that for a continuous distribution of mass, which is stationary, the
distribution being specified by a mass density %(~x), the corresponding gravitational
potential is given by

Φ(~x) = −
∫

d3x′
G%(~x′)

|~x− ~x′|
(5)

(d) Isaac Newton, hin his most influential Philosophiae Naturalis Principia Mathematica
(London, 1687) formulates and proves his “shell theorem” (Theorem XXXI),
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Problems General Relativity and Cosmology – No 02

1. A spherically symmetric body affects external objects gravitationally as
though all of its mass were concentrated at a point at its centre.

2. If the body is a spherically symmetric shell (i.e., a hollow ball), no net
gravitational force is exerted by the shell on any object inside, regardless
of the object’s location within the shell.

Could you prove this theorem?

Hint : You may want to recall the Gauss Theorem . . .

Remark: The Newton shell theorem is of paramount importance in Physics, Astro-
physics, the Physics of galaxy dynamics, star formation, . . .

. Aufgabe 2

Let there be a tunnel through earth, one end at the South Pole, the other the North Pole,
running right through the earth’s center. Assume that the earth comes with a constant
mass density. Drop some “Lieferando” Food Delivery Service through this tunnel, from
North Pole to South Pole. What would be the delivery time? For Pizza Delivery – would
it still be sufficiently hot at arrival?
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