Quantum Information (WiSe 2019/2020)
M Wilkens
Problem Set No 2 (20 + π scores)1
emission: 21.10.2019; absorption: 04.11.2019; digestion 05.11.2019

. Aufgabe 1 (A simple compressor)

(2 scores)

Can you design a scheme to compress the file
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Now comes pretty dry a problem set, yet the inequalities you prove here are sufficiently
important for the theoretical foundations of information theory to deserve some sweat.
The Jensen is at the heart of many variational principles in physics, in particular statistical
physics, where it reigns under the notion “mean-field approximation” (german: Molekularfeldnäherung).
The Markov serves as a basis for the Chebyshev which in turn serves as a basis for the
weak law of large numbers – and this law is of paramount importance for everything – in
particular the Shannon coding theorems . . .
. Aufgabe 2 (Jensen’s inequality)

(6 scores)

Let F be a convex function of a real random variable X with p(x) its probability distribution. Prove the Jensen’s inequality
hF i ≥ F (hXi) .

(1)

. Aufgabe 3 (Markov’s Inequality)

(3 scores)

For any non-negative random variable X and any α > 0, show that
Prob(X ≥ α) ≤

hXi
α

. Aufgabe 4 (Chebyshev’s Inequality)

(2)
(6 scores)

2
Let X be a real random variable with finite mean X̄ := hXi and variance σX
, and let α be
a positive real number. Prove the Chebyshev inequality

Prob([X − X̄]2 ≥ α) ≤
1

2
σX
.
α

(3)

Problems with transcendental scores are facultative nuts. Nuts have high nutrition value . . .
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Quantum Information – Problem Set No 2
. Aufgabe 5 (Weak law of large numbers)
(6 scores)
P
Let X := N1 i Yi , where the Yi are N independent random variables Y1 , . . . , YN , having
common mean Ȳ and common variance σY2 , . Then
Prob((X − Ȳ )2 ≥ α) ≤

σY2
αN

(4)

Describe in words where – for N sufficiently large – the distribution of the X is concentrated,
and what is it’s width.
. Aufgabe 6 (Berlin or Potsdam)

(π scores)

Imagine yourself in any of two cities B or P , not knowing which city you are in. You know
however, that all citizens of B are consistent liers, and all citizens of P are consistent in
telling the truth. Unfortunately, citizens can freely commute between B and P , so its hard
to tell whom you are talking to.
(a) What is your initial level of ignorance about the city you are in?
(b) How can you find out which city you are in?
(c) How can you find out whom you are talking to?
Analyse the complexity of you interrogation in terms of Shannon entropies.
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