Quantum Information (WiSe 2019/2020)
M Wilkens
Problem Set No 4 (20 + π scores)1
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. Aufgabe 1 (Perfect Copies)

(2 Scores)

Your favorite professor in experimental physics claims “Stimulated emission, the most fundamental process in a laser, produces under ideal conditions perfect copies of the incoming
photon”.
You agree
You do not agree
You apply for a patent, subject “Superluminal Communication”
. Aufgabe 2 (Precious or rubbish)

(2 scores)

Entanglement, you heard, is some very useful resource in quantum information processing.
As a resource
it is rather rare, i.e. difficult to produce
it is the rule, i.e. it is difficult to get rid off
none of the above
. Aufgabe 3 (Witch-path detection)

(10 scores)

We consider a Young double slit experiment for spin- 21 particle. We assume some magnetic
field behind one of the slits – the slit on the right side, say. As we shall see the magnetic
field – although it has no impact on the motional state of the atoms – may have a severe
impact on the interference pattern of the double slit.
The particles impinge in some definite spin state | ↑z i. Behind the double slit the state
vector reads
|li ⊗ | ↑z i + |ri ⊗ | ↑a i
√
,
(1)
|Ψi =
2
where |li (|ri) is the translational state of particles which passed through the left (right) slit
(with the other slit closed), and ↑a is the rotated spin state of particles which passed through
the right slit. In the position representation the translational states are l(x) := hx|li ∝ eikx ,
r(x) := hx|ri ∝ e−ikx .
The state vector (1) is that of an entangled state, yet it is not written in the form of a
Schmidt decomposition. In contrast to the motional state “passage though the left slit” |li
and “passage through the right slit” |ri, which are true alternatives, hl|ri = 0, the spin
state are not necessarily orthogonal.
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(a) Compute the Schmidt decomposition of Eq. (1). Confirm
p
√
|Ψi = p|φ+ i ⊗ | ↑c i + 1 − p|φ− i ⊗ | ↓c i

(2)

√
where ~c = (~z + ~a)/k~z + ~ak is a spatial unit vector, |φ± i = (|ri ± |li)/ 2. What is p
expressed in terms of ~a, ~z?
(b) The particles impinge on a detection screen (a CCD camera, say) which is not sensitive
to the spin state. Compute the probability density I at point x on the detection screen.
Confirm
I(x) ∝ |l(x)|2 + |r(x)|2 + βl(x)∗ r(x) + β ∗ r(x)∗ l(x) .
(3)
where
β = h↑z | ↑a i .

(4)

(c) The density I diplays an interference pattern, the modulation depth of which, called
fringe contrast, depends sensitively on the spin-state overlap β. Using the definition
of the fringe contrast
Imax − Imin
(5)
γ :=
Imax + Imin
please confirm
γ = |β| .
(6)
For maximally distinguishable spin states β = 0, the contrast is zero and the interference
pattern turns into the distribution of classical point particles. For indistinguishable spin
states, β = 1, contrast is maximal, i.e. the density distribution is “maximally quantum”.
Note that the reduction in contrast takes place even though, in our model, the particle’s
motion is not influenced by the magnetic field.
Yet spin measurement may reveal information about the slit each invidual particle took
before reaching the screen, called which-path-information. The more which-path information we can extract, the lower the fringe contrast, and concomitantly, the more “classical”
the density distribution.
(d) Use the rules of elementary quantum mechanics to confirm
Prob(r, ↑z ) = 21 q ,
Prob(r, ↓z ) = 12 (1 − q) .

Prob(l, ↑z ) = 21 ,
Prob(l, ↓z ) = 0 ,

(7)
(8)

where q = |β|2 .
(e) Infer Prob(↑z ) = 12 (1 + q), Prob(↓z ) = 21 (1 − q), and the conditional probabilities
1
,
1+q
Prop(l| ↓z ) = 0 ,

q
,
1+q
Prob(r| ↓z ) = 1 .

Prob(l| ↑z ) =
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(f) The conditional probabilities, in turn, can be quantified in terms of conditional entropies. Cofirm that the residual uncertainty, which remains about the path given the
particle is detected with spin up, is given by


1
q
1+q
H(path| ↑z ) =
log2 (1 + q) +
log2
,
(11)
1+q
1+q
q
while H(path| ↓z ) = 0, because ↓z can only be found for particles which took the
right slit.
(g) The initial level of ignorance about the path is Hinitial = 1bit. The average level of
ignorance which remains after a spin measurement is Hfinal = Prob(↑z )H↑ + Prob(↓z
)H↓ . The average information gain Iav = Hinitial − Hfinal . Compute Iav and summarize:
Information gain is maximal if the spin states ↑z , ↑a are orthogonal, q = 0. If the spin
states are parallel, q = 0, information gain is zero – in this case spin measurement
does not reveal any which-path-information.
Evidently, it is the mere presence of which-path information, and not the uncontrolled
scattering of a photon, say, which affects the spatial density distribution. The more we can
learn about the path, the more classical appears the distribution. The less we can learn
about the path, the more quantum appears the distribution.
In our model, the which-path information and fringe contrast is intimately linked to the
entanglement between the motional and spin degrees of freedom. The more entanglement,
the better the which-path measurement. The better the which-path measuremnt, the less
quantum the pattern. The less quantum the pattern, the more classical the distribution.
Entanglement may well destroy that what is most important – the coherence. In the present
case it destroys the coherence between the wave functions l(x) and r(x).
. Aufgabe 4 (Bell Basis)

(6 scores)

For a pair of qubits, the Bell basis
1
(12)
|Ψ± i := √ (| ↑z ↓z i ± | ↓z ↑z i) ,
2
1
|Φ± i := √ (| ↑z ↑z i ± | ↓z ↓z i) .
(13)
2
plays an important role. Here, the first entry refers to Alices’ qubit, the second entry refers
to Bob’s qubit.
(a) Most prominent the singlet |Ψ− i, for which we would like you to prove the invariance
under simultaneous rotation of the quantization axis,
| ↑a ↓a i − | ↓a ↑a i = | ↑b ↓b i − | ↓b ↑b i .

(14)

(b) Adopting the standard matrix representation (??), confirm that |Ψ− i reads


0
1  +1 
.
|Ψ− i 7→ √ 
2  −1 
0

(15)

What about the other basis vectors?
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(c) Introduce the state %̂ := |Ψ− ihΨ− | and confirm the matrix representation,


0 0
0 0
1  0 +1 −1 0 

%̂ 7→ 
2  0 −1 +1 0 
0 0
0 0

(16)

What are the eigenvalues and associate eigenvectors of this matrix (have a look at
(15)?
(d) Perform the partial transpose on Bobs qubit; confirm that in the matrix representation, the image reads


0
0
0 −1
1  0 +1 0
0 

(17)
%̂TB 7→ 
0 +1 0 
2 0
−1 0
0
0
What are the eigenvalues of %̂TB ? So – is that still a state?
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