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Problem 2.1 – Create/destroy particles (10 points)

In the lecture, we have introduced operators ak and a†k that destroy and create a
particle in the “one-particle mode” uk(x). If one deals with bosonic particles, their
commutators are given by

[ak, a
†
k′ ] = δkk′ (2.1)

where [A, B] = AB −BA is the standard commutator.
(i) Write down, for k 6= k′, the action of the operator product aka

†
k′ = ak ⊗ a†k′ on

the many-body state of the “Bose condensate” |BEC〉 = |0: N, vac〉 where N particles
occupy the mode u0(x). (In the lecture, we used the notation |N0, vac〉 which may be
misleading.) Justify why for k 6= k′, the two operators ak and a†k′ commute.

(ii) The total particle number is given by the expression N̂ =
∑

k a
†
kak. Prove the

commutator
[N̂ , ak] = −ak (2.2)

and give a physical interpretation in terms of particle annihilation.
(iii) The same construction also works for fermions where Eq.(2.1) must be re-

placed by the anti-commutators

{ak, a
†
k′} = δkk′ , {ak, ak′} = 0 (2.3)

with the anti-commutator {A, B} = AB +BA. Prove that Eq.(2.2) still holds true.

Hint. You probably know the “product rule” for commutators [A, BC] = B [A, C] + [A, B]C.
With a similar idea, its “fermionic cousin” can be proved: [A, BC] = B {A, C} − {A, B}C.

(iv) Coming back to bosons, consider the field operators

ψ(x) =
∑
k

ak uk(x) , ψ†(x) =
∑
k

a†k u
∗
k(x) (2.4)

and show that [ψ(x), ψ†(x′)] = δ(x− x′) provided that . . .
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(v) The full beauty of this construction is contained in the formulas

[B,C†] = (ϕ|χ) , (2.5)

where

B =
∫

dV ϕ∗(x)ψ(x)

C =
∫

dV χ∗(x)ψ(x)

and (ϕ|χ) = . . . is the “standard scalar product” on the space of complex wave func-
tions.

Problem 2.2 – First and Second Quantisation (5 points)

A one-particle state can be written in the form

|χ(t)〉 =
∫

dxχ(x, t)ψ†(x)|0〉 ,

and solves the equation of motion

ih̄
∂

∂t
|χ(t)〉 = H|χ(t)〉 ,

with the Hamiltonian

H =
∫

dx
h̄2

2m

∂ψ†

∂x

∂ψ

∂x
+

∫
dxV (x)ψ†(x)ψ(x) .

Show that the “wave function”χ(x, t) satisfies the Schrödinger equation

ih̄
∂

∂t
χ(x, t) = − h̄2

2m

∂2

∂x2
χ(x, t) + V (x)χ(x, t) .

Hint. For this particular set of states, the wave function can be computed from the matrix element
χ(x, t) = 〈0|ψ(x)|χ(t)〉.

Problem 2.3 – Interactions (5 points)

In the lecture, we tried to compute the interaction energy for a Bose condensate
|BEC〉 = |0 : N, vac〉, and had to stop in the middle. Using the particle density
operator n̂(x), compute the expectation values

〈n̂(x)〉 = N |u0(x)|2 (2.6)

〈n̂(x) n̂(x′)〉 = N2|u0(x)|2|u0(x
′)|2 +N |u0(x)|2δ(x− x′) (2.7)

where all expectation values are to be understood with respect to the many-body
state: 〈. . .〉 = 〈BEC| . . . |BEC〉.
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