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Problem 4.1 – Hartree-Fock theory for the Helium ground state (20 points)

In the Book “Quantum Mechanics of One- and Two-Electron Atoms” by H. A. Bethe
and E. E. Salpeter (Dover 2008), we find the following formulation of Hartree-Fock
theory for the Helium atom.

The ground state has the two electrons in the same Hartree-Fock wave function
u(x) that solves the equation (atomic units are used, Z = 2 is the charge of the
Helium nucleus) 
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where the electron-electron interaction is described by the mean field

W (r1) =

Z
dV (x2)|u(x2)|2

1

|x1 � x2|
(4.2)

A convenient parametrisation of this interaction is the function Zp(r) defined by

Zp(r)

r
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r
�W (r) (4.3)

This set of equations was solved numerically by W. S. Wilson and R. B. Lindsay [Phys.
Rev. 47 (1935) 681]. The following results have been found:
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Here is P (r) = ru(x)
p
4⇡ and Ze↵(r) is the total charge including the nucleus

inside the radius r.
(1) Justify using the concepts of the lecture that this formulation corresponds

to the ground state of the Helium atom in Hartree-Fock theory. (Think about the
spin states first.) Bethe and Salpeter write that the ground state energy is given
by E(He) = 2E1 � hW i where hW i is the mean value of W (r) in the HF state
u(x). Show that the same answer can be found from the expression in the lecture
E(He) =

1
2

P
k<kF [✏k + huk|(K0 + V1(|uki] where uk = uk(x) is the Hartree-Fock wave

function (to the eigenvalue ✏k) and K0 + V1 the single-particle Hamiltonian (without
interactions). The “k < kF ” sum runs over all occupied levels.

(2) The solutions of Eq.(4.1) with l,m = 0, 0 symmetry (1s-like states) are of the
form u(x) = R(r)/

p
4⇡ where R solves the radial Schrödinger equation
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The mean-field potential W (r) only depends on the radial coordinate. In the lecture,
we found the integral representation

W (r) =

1Z

0

dr
0
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(4.5)

Compute this integral analytically for the hydrogen-like ground state R1s(r) =

2Z
3/2

e
�Zr and show that it has a “one-electron Coulomb tail”, i.e.: r ! 1 : W (r) ⇡

1/r. Justify in words why this is to be expected. Make a plot of this potential and of
the total potential W (r)� Z/r.

(3) Write a few sentences to interpret the numerical data computed by Wilson
and Lindsay.

(4) On the web site, you find a Python script that solves Eq.(4.4) numerically on
a finite interval 0  r  rmax. Describe in words how you can use this script to solve
by iteration the Hartree-Fock theory. At the end of the file, there is a list of tasks
to do: generate the corresponding plots and give the correction of the Helium atom
ground state energy relative to the value En.i. = �2Z

2
/(2(n = 1)

2
) = �4 a.u. for

non-interacting electrons. Find experimental data for this energy (the “Spectroscopy
Database” of the US American NIST may be too helpful here) and compare.
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